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Nomenclatures  

BF  braking force (N) 

b  width of the interacted tire surface, 0.1, (m) 

C  regenerative brake coefficient 

dF  front tread, 0.840, (m) 

dR  rear tread, 0.815, (m) 

g  gravitational acceleration, 9.81, (m/s2) 

h  center gravity of the vehicle, 0.105, (m) 

I yaw inertia moment at the center gravity point of the vehicle, 1470, 

(kgm2) 

Iω  inertia moment of the tire, 2.53, (kgm2) 

Kx  the rigidness of the tire in longitudinal axis, 1.333x106, (N/m3) 

Ky  the rigidness of the tire in lateral axis, 1.333x106, (N/m3) 

Kf  

l  length ofrom front wheel axle to the rear wheel axle, 1.28. (m) 

lF the length from front wheel axle to the vehicle center gravity point, 

0.725, (m) 

lR the length from rear wheel axle to the vehicle center gravity point, 0.525, 

(m) 

lT  length of the interacted tire surface, 0.15, (m) 

m  vehicle mass, 421.61, (kg) 

P  pressure (Pa) 

R  radius of the brake shoe 

r  wheel radius, 0.23, (m) 
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T  torque (Nm) 

t  time (s) 

u  vehicle velocity in the longitudinal direction (m/s) 

v  vehicle velocity in the lateral direction (m/s) 

V  vehicle velocity at the center of gravity (m/s) 

Wz  wheel load (N) 

X  the longitudinal force acting on the tire (N) 

Y  the lateral force acting on the tire (N) 

β  side slip angle of the vehicle (rad) 

β*  side slip angle of the state observer (rad) 

βT  side slip angle of the tire (rad) 

𝜃  steering angle (rad) 

𝛾  yaw rotational speed of the vehicle (rad/s) 

𝛾*  yaw rotational speed of the state observer (rad/s) 

µ  friction coefficient 

ρ  slip ratio 

ɷ  tire angular velocity (rad/s) 

 

Subscripts: 

F  front 

R  rear 

FR  front right 

FL  front left 

RR  rear right 

RL  rear left
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1.1 Background 

Over the 20th century, increasing carbon dioxide emission by petroleum-based 

transportations is one of the main contributor to global warming. Moreover, escalation of 

global human population has put a pressure on the amount of carbon dioxide emission 

especially in developing countries rather than developed countries [1-1]. A research paper 

from the National Academy of Sciences of the USA concluded that climate change that 

takes place due to the global warming is largely irreversible for 1,000 years even after 

emissions of carbon dioxide stop [1-2]. This environmental issues by petroleum-based 

transportations along with the issue of fossil fuel depletion around the world have led 

activist and lobbyist to pressure automotive manufacturers to redesign future vehicles. 

Under the aspect of redesigning future vehicle, in the past few years, car 

manufacturers have reintroduced hybrid electric vehicle (HEV) and full-electric vehicle 

(EV). Hybrid electric vehicle is a vehicle that incorporate a smaller and generate less 

emission fossil-fuel engine with an electric powertrain. Downsized engine with the 

presence of the electric powertrain is intended to achieve higher fuel efficiency and less 

emissions than conventional vehicle. However, we believe hybrid electric vehicle is more 

of a business approach rather than as a counter-measure to address the current global issue 

mention before. This is due to the fact that hybrid electric vehicle still uses fossil-fuel 

engine as a primary propulsion. A Harvard business professor indicated that consumer 

will purchase things they desired [1-3]. If a person wants a fuel efficient car they will buy 

a hybrid without thinking about the actual efficiency of the product.  

A fully-electric vehicle is an automobile that is propelled exclusively by one or more 

electric motors. Since electric vehicles do not have internal combustion engine, they don’t 

use any fuel and produce zero tail emission. This means that an electric vehicle benefits 

the environment more than a hybrid electric vehicle. The empty space from a withdrawn 

combustion engine is replaced with rechargeable batteries. The number and size of the 

batteries determine the range an electric vehicle can travel. Additionally, electric motors 

are able to give the vehicle an instant torque which create fast acceleration. 

Fully-electric vehicle will become prominent as a means of transportation in the future, 

especially in urban areas where there are limited spaces and a very high dense population. 

The One of the challenges of owning an electric vehicle is that they are expensive in 

comparison to a conventional and hybrid electric vehicles due to the price of their lithium-
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ion batteries. However, the price of the battery is expected to drop by the year according 

to research [1-4, 5]. Nonetheless, to meet the consumer demands, some car manufacturers 

have obtained a way to cut the cost by developing an ultra-compact or small electric 

vehicle. Small electric vehicles are light-weight, compact and cheaper due to less battery 

and small electric motor. In compensation to the merits, they have short to medium travel 

distance and speed, which is very suitable for city usage and connecting nearby suburb 

area. 

The propulsion system of a small electric vehicle such can be divided into two types. 

The most basic type is the central motor system, where a conventional combustion engine 

is replaced with an electric motor. Figure 1-1 shows the Renault ‘Twizy’ design and 

market the by Renault is an example of system on small electric vehicle. The other type 

is the in-wheel motor system, where the electric motors are incorporated into the hub of 

each wheel. Figure 1-2 shows the Toyota COMS as an example of an in-wheel small 

electric vehicle. Due to the drivetrain location at the wheels, this system promotes 

freedom of layout for various driving system (two-wheel Drive, four-wheel drive) with 

high-energy efficiency. The in-wheel motor can also be governed separately by a control 

system. 

Similar to telephones and computers, new devices which was once a huge and shared- 

item has gotten smaller, faster and cheaper. The shrinking and personalization of 

technological device phenomena does not limit to computer and telephone. They have 

also spread to automotive. Small electric vehicle meets the consumer demand as they are 

practical, efficient and affordable. Moreover, Government and car manufacturer have join 

together to promote small electric. The reason government support small electric vehicles 

is because they can be used to improve the lives of people in cities. The small size electric 

vehicle can ease traffic congestion, and improving access to tourist areas and communities 

in a city 
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Figure 1-1 ‘TWIZY’ a small electric vehicle by Renault. 

(https://en.wikipedia.org/wiki/Renault_Twizy) 

 

 

 

 

 

Figure 1-2 ‘Toyota COMS’ a small electric vehicle by Toyota Body. 

(https://commons.wikimedia.org/wiki/File:Toyota_Auto_Body,_COMS_T%E3%83%B

BCOM,_Bule.jpg) 
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1.2 Problem Statement 

Mobility within a city such as Tokyo and Osaka along with its surrounding suburbs 

can be difficult. The rapid development within a small concentrated area and high density 

population has led to construction of various narrow and complex roads. In order to drive 

in such roads mixed with vehicles and pedestrians, small electric vehicles nowadays have 

to face critical driving condition and even have bypass long roads contrary to the will of 

the driver [1-6]. 

 For example, in the city when a small electric vehicle enters a narrow road and 

encounters with an oncoming vehicle, the driver has no other choice but to reverse. On 

the other hand, there is also a situation where a vehicle has to reciprocate on a narrow 

road, due to space limitation the driver has to either advance until a turntable space is 

available or make an exit at a larger road. As a result, a great detour is always required. A 

small electric vehicle is also use to commute from a city to neighboring suburb. Without 

any stability control system, driver of the vehicle has to drive under the maximum velocity 

and be more precautious. All of these situations are worsen when they occur on a slippery 

road surface during heavy rain or snow that would can be easily categories as a very 

dangerous state.  

In addition, similar to conventional vehicle, most in-wheel small EVs that exist today 

are design with understeer (US) characteristic. US characteristic has no velocity limit but 

during cornering they require high steer input and produce low steer ability. 

These situations need to be solve in order to develop a more efficient small electric 

vehicle. A future small electric vehicle should meet the requirements as follows: 

1) Maneuver in tight narrow road at low speed 

2) Can execute cornering in stable condition even at high speed 

3) Can be driven even if the maximum road surface friction coefficient is small  
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1.3 Objective of research 

Thus, the main objective of this research is to improve the mobility and stability of 

small electric vehicle. The emergence of steer-by-wire and drive-by-wire technologies 

present an opportunity for automakers to develop current small electric vehicle. In order 

to achieve a vehicle that fulfills the requirements mention previously, we study the 

possibility that a small electric vehicle with oversteer characteristic can increase the 

mobility of the vehicle. However, one of the disadvantage of oversteer characteristic is 

that the vehicle will have a stability velocity limit. In order to overcome this, the oversteer 

small electric vehicle is integrated with a four-wheel drive system by implementing in-

wheel motor at each wheels and can be steer independently with four steering actuators. 

Even though we have achieved in increasing the mobility and steering performance of the 

small electric vehicle, the system is faulty if traction can’t be managed. The regenerative 

brake timing control was developed as a substitute to an anti-lock brake system. 
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1.4 Past Research 

Researches on development of future small electric have spread widely in recent years. 

Firstly, we have to understand that electric vehicles have the advantages as follows [1-7]; 

 

1. Electric motor has torque response faster than a normal engine 

2. All wheels can be governed independently by in-wheel motor system 

3. Electric motor torque can be accurately measured by the motor current. 

 

 Two major aspects of which is being research are based on battery technologies and 

electric vehicle motion control. The objective of studying on battery technologies is to 

manage energy consumption in order prolong the small electric vehicle travel distance 

with a single charge [1-8] ~ [1-12]. The main issue with electrical energy storage systems 

is their energy density. Energy density is defined as the amount of energy stored in a given 

system per unit mass [1-7]. The conventional lead acid battery has an energy density about 

35 Wh/kg compared to a useful energy density of more than 2000 Wh/kg for gasoline [1-

8]. Therefore, the electric drive range for electric vehicle is proportional to the size and 

mass of the energy storage system set on board.  

On the other hand, there are researches on electric vehicle motion control that aim to 

improve stability and mobility of electric vehicle [1-13] ~ [1-28]. The motion control of 

these researches can also be separated into traction control methods [1-21] ~ [1-23] and 

motion stabilization control methods [1-24] ~ [1-28]. In the study of electric vehicle 

control system, there are three point that must address: 

 

1. A vehicle must provide good controllability by responding quickly and accurately 

to the driver command input 

2. A vehicle must provide good stability, with little change in behavior in relation to 

changes in driving condition 

3. There must be an effective control loop between the driver and the vehicle when 

conveying operational inputs and the vehicle response in order to ensure that the 

driver can easily recognize present operating conditions and also predict vehicle 

behavior. 
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1.4.1 Oversteer and Understeer Characteristic Review 

During a normal cornering, a vehicle changes from a transient state where the 

vehicle begins in straight line into cornering, and then change into steady state after some 

time where the vehicle moves at a steady circular motion. In automotive engineering, the 

steering characteristic of a vehicle, either oversteer or understeer, is determined by the 

steady state cornering test [1-29]. The term understeer means that a vehicle requires more 

steering input into a turn if the vehicle velocity is gently increase on a constant steer angle. 

Conversely, an oversteer is when a vehicle requires to lower the steering as the vehicle 

increases [1-30]. 

Most of vehicle in the market are design with understeer characteristic. R.T. 

Bundorf have studied the influence of vehicle design parameters on characteristic speed 

and understeer since 1967 [1-31]. He presented methods for predicting understeer quality 

in proposed vehicle designs and for measuring understeer quality in existing vehicles. 

The methods make possible complete and accurate quantitative descriptions of vehicle 

understeer. Since then, there are various researches that aim to improve the 

maneuverability of vehicle with understeer. 

T.Goggia et. Al. have proposed a torque vectoring control in fully electric vehicle 

via integral sliding modes [1-32]. The integral sliding mode calculate the reference yaw 

moment to be actuated by the torque-vectoring system. A similar research was performed 

by E. Siampis et. Al where they proposed a predictive rear wheel torque vectoring control 

with terminal understeer mitigation using nonlinear estimation [1-33]. A linear Model 

Predictive Control strategy using the rear wheels' slip ratios as input which is then 

calculated by a sliding mode controller for the necessary motor torques according to the 

requested wheel slip ratios. 

 Due to nonlinearity of a vehicle, there are possibility that they are understeer at 

low speed and oversteer at high speed. In our research, we try to induce oversteer 

characteristic in small electric vehicle so that the vehicle will have a lower steer input at 

low speed with high steer ability. Due to this, we hope that it will open a broader field of 

research.  
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1.4.2 Four Wheel Steering Review 

Based on the advantages of electric vehicle, four-wheel steering has been developed 

to improve dynamic stabilization. Steering of the front wheel with the rear wheel makes 

it possible to increase yaw motion and reduce the vehicle side slip angle at the center 

gravity. The steering characteristic of a four-wheel steering vehicle can be separated into 

[1-34]; 

 

1. Opposite steering 

2. Parallel steering and 

3. Zero-radius steering 

 

The performance of the steering characteristic depends on the method the rear 

wheels are controlled in regards to vehicle speed, steering angle, and state of the system. 

There are various ways to address this control issue that can be used in four-

wheel steering system and the following are some of the examples: 

D.Sawamura and H.Fujimoto had proposed a method of tire-workload 

equalization for each wheel in emergency avoidance for electric vehicle with four wheel 

independent driving and active front and rear steering [1-35]. In this method, the longitude 

and lateral force was distributed properly in order to for the vehicle to follow a certain 

trajectory. In the paper, we learn that they assumed the angle of each front and rear wheels’ 

angle are small and the vehicle was modelled with linear two-wheel vehicle. In the results, 

we see that the rear wheels rotated in the same direction as the front wheels. M. Galvani 

et. Al. also did a similar research with the same objective [1-36].  

El-Nashar et. Al. proposed Kalman filter algorithm to design a four-wheel 

steering control as an enhancement of vehicle lateral stability in crosswind [1-37]. In their 

work, the system used the feedback signals of lateral acceleration and front steering angle 

to obtain the control law. Furthermore, a theoretical investigation of four-wheel steering 

system was presented using a linear model to simulate the vehicle handling characteristics.  

Ali Hakima et. Al. proposed a fuzzy logic controller to adjust the angle of tires 

in four-wheel steering vehicle [1-38]. In this research, two simulations were done to 

design a fuzzy controller for an experimental vehicle and a reference vehicle. The design 

controller was separated into high level controller and low level controller. These 
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controllers were used to govern the vehicle yaw behavior. The author emphasized the 

complexity and nonlinearity of the system equations justifies the use of Fuzzy Logic 

Controller for controller design strategy. However, a 2 DOF linear vehicle model was 

used in the mathematical modelling. A few similar research can be found by S.Wang et. 

Al., J. Zhanga et. Al. and J. Naranjo et. Al [1-39] ~ [1-41]. 

J.Tian et. Al proposed fractional order sliding model control of active four-wheel 

steering vehicle [1-42]. In this research, fractional sliding mode control is designed to 

eliminate the state error caused by the different parameters. We have to agree that the 

error between the state observer and vehicle should occur. This is because the researcher 

used an ideal front wheel steering vehicle model to represent the state and the vehicle 

model is a four-wheel steering with a nonlinear model. The end results were merely to 

associate the yaw rate steady gain and lateral acceleration gain to a conventional front 

wheel steering for a four-wheel steering vehicle. A few similar research can be found by 

M. Amodeo et. Al and Y. Ikeda [1-43] ~ [1-44]. 

R. C. B. Sampaio proposed an optimal H∞ controller as a control strategy for the 

steering system of an autonomous vehicle with four independent steering and driven 

wheels’ configuration [1-45]. In their work, they present the synthesis and the analysis of 

an optimal H∞ controller based on the γ-iteration algorithm to adjust the steering angles 

by acting over the angular position of a motor shaft which is coupled directly to the 

pneumatics. 

 A considerable amount of researches are dedicated to stability control of four-

wheel steering from prediction control, fuzzy logic, sliding mode to H∞ robust. However, 

every physical system in our life has nonlinearities and very little can be done to overcome 

them. In case of automobile, the governing differential equation of an actual vehicle is 

also nonlinear and complex in nature. Much of past researches adopted easy way of 

modelling a control system based on a vehicle which are largely oversimplified in the 

form of either linearized or decoupled model. Additionally, we can also find that in the 

research the small angle approximation to the steering angle is also utilized. 
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1.4.2 Regenerative Brake Control Review  

When driving in a metropolitan where traffic congestions are at the highest, around 

one third of energy is wasted due to frequent braking [1-46]. If this energy loss due to 

braking can be harvest, fuel consumption of a conventional combustion engine vehicle 

can improve by 33% [1-47]. In electric railway transportation, regenerative braking 

system had been introduced since 1886 by Frank J. Spraque. In one of his inventions, the 

electric motors of the train are turn into electrical generators during braking. Based on 

this concept, major of the electrification of today’s railway transportation have been 

modelled with such system to reduce electrical energy consumption [1-48] ~ [1-49]. 

In the case of automotive, the implementation of regenerative braking system onto a 

conventional vehicle with internal combustion engine is much harder. Additional 

equipment is necessary during the process of converting and storing energy. Nonetheless, 

in the aim of improving environmental problem and energy efficiency, manufacturer has 

in cooperated small internal combustion engine with electric powertrain that we call 

hybrid electric vehicle. Hybrid electric vehicle involves a lot of continuous interaction 

between mechanical part and electrical components. Thus, various researches have spread 

to manage the vehicle dynamic operation. 

C.Sankavaram et. Al has proposed a systematic data-driven process for detecting and 

diagnosing faults in the regenerative braking system of hybrid electric vehicles [1-50]. 

The diagnostic process involves signal processing and statistical techniques for feature 

extraction, data reduction for implementation in memory-constrained electronic control 

units, and variety of fault classification methodologies to isolate faults in the regenerative 

braking system. J.Ko et. Al developed a brake system for an automatic transmission-

based hybrid electric vehicle (HEV) and a regenerative braking cooperative control 

algorithm [1-51]. A simulation and a vehicle test showed that the brake system and 

regenerative braking with cooperative algorithm satisfied the friction braking. 

M.Heerwan et. Al. have proposed a combination of ABS and regenerative brake 

control for improving the safety of two-wheel drive small electric vehicle that uses 

hydraulic-mechanical brake system [1-52]. The study was performed in a numerical 

simulation where the front wheels that consist of hydraulic brake system is control by an 

ABS and the rear wheels that consist of in-wheel motor is control by regenerative brake 
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with timing control. In case of regenerative brake timing method, he suggested that the 

regenerative brake is turned off when the slip ratio is above the upper limit and the 

produced current is transferred to charge the battery. When the slip ratio reduced to the 

lower limit, the regenerative brake is turn on. 

The principle of turning on and off is understandable. However, the mechanism 

needs to be corrected. During braking, the rotor of the motor is force to turn by the wheel’s 

momentum and becomes an electric generator converting kinetic energy into output of 

electric energy. The electrical load produced generates the braking effect. In other 

meaning, regenerative brake is on and the produced current is then transferred to charge 

the battery. In order to simply turn off the regenerative brake, the electric motor needs to 

be turn off, no electrical current is produced which allows the wheel to turn freely. 

In our research, we re-simulated ABS and regenerative brake control on a two-wheel 

drive small electric vehicle in order to understand the possibility of four-wheel drive small 

electric vehicle that is fully dependent on regenerative braking. 
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1.5 Organization of Thesis 

This thesis is organized into 5 chapters. A brief outline of the thesis is as follows: 

Chapter 1 In this chapter, brief explanations on small EVs and the propulsion system of 

the small EVs are presented. The background of the study, problem statement, objectives 

of the study, past research and organization of the thesis are described. 

Chapter 2 In this chapter, in-wheel small electric vehicle is modelled with an oversteer 

characteristic to increase the mobility of the vehicle. At first, a basic understanding of 

oversteer and understeer characteristic is described. Later, Toyota COMS EV is 

introduced as a sample model of electric vehicle with in-wheel motor. The specification 

of this vehicle was modified to produce an oversteer characteristic by simply reposition 

the center weight distribution to the rear end of the vehicle. A set of multiple simulations 

of a steady state cornering with regard to a constant front steer angle and at constant 

velocity was done to determine the steer characteristic of the modelled in-wheel small 

electric vehicle with oversteer characteristic. Even though by modelling the vehicle with 

an oversteer characteristic can increase the mobility, the vehicle has a stability velocity 

limit. 

Chapter 3 In this chapter, the yaw moment control by four-wheel drive and independent 

steering. In chapter 2, theoretically the mobility of a small electric vehicle has increased 

by modelling the vehicle with an oversteer characteristic. However, when the vehicle 

velocity is equal to or beyond the stability velocity limit the yaw rotational speed and side 

slip angle of the modelled small electric vehicle with oversteer characteristic reach 

infinite value. In this chapter, we introduced a yaw moment control by integrating a four-

wheel drive and independent steering (4WDIS) as a lateral stability system of the vehicle. 

With steer-by-wire technology, 4WDIS on electric vehicle is much more accomplishable. 

Many past researches adopt easier way of modelling a lateral control system based on 

vehicle model with linear characteristics. We prefer a nonlinear vehicle model which 

represent an actual vehicle more accurately. A linear control model was used to control 

the vehicle with nonlinear model. The output of yaw rotational speed for both model was 

compared, multiplied by high gain and feedback to linear model to produce a rectified 

control input. Then the input is fed back to vehicle with nonlinear model. The end result 

shows the 4WDIS eliminate the stability velocity limit of the OS small electric vehicle 
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and provide stability. 

Chapter 4 is the skid control system by regenerative brake control. Even though we have 

achieved in increasing the mobility and steering performance of the small electric vehicle, 

the system is faulty if traction can’t be managed. In this chapter, based on the 

characteristics of in-wheel motor, which are fast torque response and easiness in obtaining 

an accurate torque feedback, the regenerative brake timing control was developed as a 

substitute to an anti-lock brake system. The ABS control the slip ratio of the tire so that 

friction coefficient can be maximized. In case of regenerative brake control, if the slip 

ratio is greater than the optimum value, the regenerative brake turns off and the current 

produced is transferred to charge the battery. However, if the slip ratio is smaller than the 

optimum value, the regenerative brake is restored to regain the ideal brake force. From 

the simulation results, during braking on an icy road, the regenerative brake control has 

the same effect as an ABS. thus, for an in-wheel small electric vehicle, the regenerative 

brake control can be substituted to ABS and be utilized as a skid control system 

Chapter 5 In this chapter, the overall conclusion of the study that has been done are 

discussed. The recommendations for future work for this study also presented. 
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Chapter 2 

 

Modelling an In-Wheel Small Electric 

Vehicle with Oversteer characteristic 
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2.1 Introduction 

In this chapter, we increased the mobility of small electric vehicle by modelling with 

oversteer characteristic. At first, a basic understanding of oversteer and understeer 

characteristic is described. Later, Toyota COMS EV is introduced as a sample model of 

electric vehicle with in-wheel motor. The specification of this vehicle was modified to 

produce an oversteer characteristic by simply reposition the center weight distribution to 

the rear end of the vehicle. A set of multiple simulations of a steady state cornering with 

regard to a constant front steer angle and at constant velocity was done to determine the 

steer characteristic of the modelled small electric vehicle with oversteer characteristic. 
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2.2 Oversteer and Understeer Characteristic 

The word “Oversteer” and “understeer” have been mentioned since the early 

automotive engineering. Oversteer and understeer are vehicle dynamics terms used to 

describe the sensitivity of a vehicle when steering. According to oxford dictionary, 

oversteer of a vehicle occurs when a vehicle has a tendency to steer more sharply than 

amount intended, while understeer occurs when a vehicle have a tendency to steer less 

than the amount intended [2-1].  

Automotive engineer determines oversteer and understeer characteristic of a vehicle 

based on steady-state cornering test [2-2]. Under normal conditions, a vehicle at constant 

speed and fixed front steer angle will make a steady circular motion with a constant radius 

of curvature. This is called steady-state cornering. By understanding the vehicle 

characteristics in steady-state cornering, the fundamental characteristics of vehicle 

motion can be understood. 
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2.2.1 Steady-state cornering test  

Figure 2-1 shows the relationship of the steady state yaw rotational speed to velocity 

while figure 2-2 shows the relationship of steady state side slip angle to velocity between 

oversteer and understeer characteristics during steady state cornering at constant steer 

angle. Based on the figure, the OS characteristic is separated into stable region and 

unstable region depending on the velocity of the vehicle and stability velocity limit. The 

stability limit velocity can be mathematically calculate based on the following equation 

[2-3]; 

𝑉𝑐 = √−
1

𝐴
 (2-1) 

Where A is called the stability factor and can be written as; 

A = −
𝑚

2𝑙2
(
𝑙𝑓𝐾𝑓 − 𝑙𝑟𝐾𝑟
𝐾𝑓𝐾𝑟

) 

 

Where m is the mass of the vehicle, l is the wheelbase, lf is the distance from center of 

gravity to the front wheel, lr is the distance from center of gravity to the rear wheel, Kf  is 

the cornering stiffness of front wheel and Kr is the cornering stiffness of rear wheel.  

When the vehicle velocity V is below the stability limit velocity Vc, oversteer vehicle 

can achieve steady state cornering with a higher yaw rotational speed in comparison to 

vehicle with understeer characteristic. A higher yaw rotational speed should also mean 

that the vehicle can achieve a shorter turning radius. On the other hand, the side-slip angle 

becomes negative as the absolute magnitude increases with velocity. This means that 

when the velocity increases, the vehicle will point into the inner side of the circular path 

of the cornering.  

However, in the case of the vehicle velocity V greater the stability limit velocity Vc, 

the yaw rotational speed and the side-slip angle will produce an infinite value in regards 

to a constant steer angle. It does not mean that the vehicle cannot be driven above this 

velocity but it is important to note that the vehicle motion is unstable. For this particular 

reason, most vehicles are manufactured with US characteristic that has no stability limit 

velocity as a compensation to low steering response. When the vehicle velocity increases 

the yaw rotational speed increase. However, the yaw rotational speed saturates at a certain 
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value. Similar can be said to the steady state side slip angle to increase velocity with 

regards to constant steer. 
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Figure 2-1 The relationship of the steady state yaw rotational speed to velocity 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2-2 The relationship of the steady state side slip angle to velocity 

 

 

 

 



21 

 

2.2.2 Mathematical calculation  

The vehicle steer characteristic can be calculated by utilizing the static margin 

equation that is shown in equation 2-2. Static margin is a dimensionless quantity of the 

ratio between ln and l. Figure 2-3 shows the ln which the distance of neutral steering point 

(NSF) from the vehicle center of gravity and l which is the wheelbase of the vehicle. The 

neutral steer point is the longitude location on a vehicle that gives a neutral response when 

lateral force is applied on the location. 

 

𝑆𝑀 =
𝑙𝑁
𝑙
= −

𝐾𝑓𝑙𝑓 − 𝐾𝑟𝑙𝑟

𝑙(𝐾𝑓 + 𝐾𝑟)
 (2-2) 

 

From the above, the quantity of 𝐾𝑓𝑙𝑓 −𝐾𝑟𝑙𝑟 determines the vehicle steer characteristics. 

Thus,  

when 𝐾𝑓𝑙𝑓 −𝐾𝑟𝑙𝑟 < 0,  SM > 0,  

Then the vehicle has Understeer characteristic 

when 𝐾𝑓𝑙𝑓 −𝐾𝑟𝑙𝑟 > 0, SM < 0,  

Then the vehicle has Oversteer Characteristic 
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Figure 2-3 the distance of neutral steering point (NSF) from the vehicle center of gravity 
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2.3 Analysis Vehicle Model 

2.3.1 Sample of a small electric vehicle with in-wheel motor system 

Toyota COMS AK10E-PC, which is a small electric vehicle utilizing in-wheel motor 

system as driving propulsion, manufactured by Toyota Auto Body Co, was used as an 

analysis vehicle model in the simulation. Figure 2-4 shows the Toyota COMS AK10E-

PC. Based on the handbook from the Toyota Auto Body Company, the main specifications 

of this vehicle are as in Table 2-1 [2-4]. We believe the chassis specification of the Toyota 

COMS to be an ideal small electric vehicle model. The important specification that are 

necessary to be highlighted for this study is the weight of the vehicle, maximum speed, 

dimension of the vehicle, braking system and steering system. 

Table 2-1 Main Specifications of the Toyota COMS AK10E-PC 

Vehicle Model AK10E-PC 

Weight 
Vehicle Weight (kg) 270 

Vehicle Gross Weight (kg) 325 

Type of fuel Electricity 

Maximum speed 
Forward (km/h) 50 

Backward (km/h) 15 

Mileage per 1 charge of battery (km) 80 

Length (mm) 1935 

Width (mm) 995 

Height (mm) 1600 

Wheelbase (mm) 1280 

Tire (Front and rear) 90/90-12 54J 

Main battery Lead Acid Battery 12V x 42Ah x 6 pieces (72V) 

Braking System 
4 Wheel Drum Brake (Front : Hydraulic Braking 

System, Rear : Mechanical Braking System) 

Driving System Rear Wheel Drive (In-Wheel Motor) 

Charging time (h) 8 Hours 
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Figure 2-4 The Toyota COMS AK10E-PC 
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2.3.2 Modelling a small electric vehicle with oversteer characteristic 

We learn that when 𝐾𝑓𝑙𝑓 −𝐾𝑟𝑙𝑟 > 0, the static margin produces negative value 

and the steer characteristic will yield an oversteer characteristic. The cornering stiffness 

of front and rear are equal and cannot be manipulated. However, due to in-wheel motor, 

a small electric vehicle can have a ‘skateboard-shape’ chassis where the top of the chassis 

can be managed freely. Thus, we can easily manipulate the distance of the center gravity 

of a vehicle. When the distance from center of gravity to the front wheel is larger than the 

distance from center of gravity to the front wheel, the static margin produces negative 

value.  

In this study, we chose a 56.7% to 43.3% weight distribution for the small electric 

vehicle. Based on the specification of the Toyota COMS EV, the wheelbase of the vehicle 

is 1280 mm. Therefore, the distance from center of gravity to the front wheel and rear 

wheel can be calculated as follow; 

 

Wheelbase,  𝑙 = 𝑙𝑓 + 𝑙𝑟         (2-3) 

1280 =  𝑙𝑓 + 𝑙𝑟 

𝑙𝑟 = 1280 − 𝑙𝑓 , (𝑙𝑓 > 𝑙𝑟) 

 

𝑙𝑓 = 725mm → 𝑙𝑟= 555mm 

 

If the center of the gravity is located too far at the rear end the steering of the vehicle will 

become too sensitive. 
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2.4 Vehicle Motion  

2.4.1 Nonlinear dynamic equation of motion 

In vehicle dynamics, the vehicle equation of motion in simple plane motion that 

includes longitudinal direction, lateral direction and yaw motion can be expressed by the 

following equation: 

m(
𝑑𝑢

𝑑𝑡
− 𝑣𝛾) =∑𝑋𝐹 +∑𝑋𝑅  

m(
𝑑𝑣

𝑑𝑡
+ 𝑢𝛾) =∑𝑌𝐹 +∑𝑌𝑅  

I
𝑑𝛾

𝑑𝑡
= 𝑙𝐹∑𝑌𝐹 − 𝑙𝑅∑𝑌𝑅 

In this study, a nonlinear dynamic model was used to obtain the basic 

understanding of the dynamic motion for the small electric vehicle with front two-wheel 

steering and oversteering characteristic. The vehicle model has six degrees of freedom: 

three translational along the x, y, and z-axes, and three rotational about the x, y and z-axes. 

However, a planar motion is assumed so that a translation along the z-axis and rotations 

about the x and y-axes are disregarded. Figure 2-5 depicts the force vector of a vehicle 

with four two-wheel steering. The front steering angle that are define as 𝜃𝐹  was not 

assumed to be small. Thus, the sum of forces and yaw moment acted on each wheel can 

be written as follow: 

∑𝑋𝐹 = (𝑋𝐹𝑅 + 𝑋𝐹𝐿) cos𝜃𝐹 − (𝑌𝐹𝑅 + 𝑌𝐹𝐿) sin 𝜃𝐹  

∑𝑋𝑅 = 𝑋𝑅𝑅 + 𝑋𝑅𝐿 

∑𝑌𝐹 =(𝑋𝐹𝑅 + 𝑋𝐹𝐿) sin 𝜃𝐹 + (𝑌𝐹𝑅 + 𝑌𝐹𝐿) cos𝜃𝐹  

∑𝑌𝑅 = 𝑌𝑅𝑅 + 𝑌𝑅𝐿  

 

𝑁𝑧 = 𝑙𝐹[(𝑋𝐹𝑅 + 𝑋𝐹𝐿) sin 𝜃𝐹 + (𝑌𝐹𝑅 + 𝑌𝐹𝐿) cos 𝜃𝐹] + 𝑙𝑅(𝑌𝑅𝑅 + 𝑌𝑅𝐿) 

𝑁𝑡 =
𝑑𝐹
2
[(𝑋𝐹𝑅 + 𝑋𝐹𝐿) cos 𝜃𝐹 + (𝑌𝐹𝑅 + 𝑌𝐹𝐿) sin 𝜃𝐹] +

𝑑𝑅
2
(𝑋𝑅𝑅 + 𝑋𝑅𝐿) 

 

Where ∑𝑋𝐹 is the total longitude force of front right and left, ∑𝑋𝑅  is the total 

longitude force of rear right and left, ∑𝑌𝐹  is the total lateral force of front right and left, 
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∑𝑌𝑅 is the total lateral force of rear right and left, Nz is the yaw moment generated by 

the longitude force of each wheels, Nt is the yaw moment generated by the lateral force 

of each wheels. The subscript FR and FL represent front right and front left and the RR 

and RL represent rear right and rear left. The counter clockwise rotation is considered 

positive. These total forces and yaw moments can be substituted in the equation. The 

longitude, lateral and yaw dynamic equation of motion can be rewritten as follow; 

m(
𝑑𝑢

𝑑𝑡
− 𝑣𝛾) = (𝑋𝐹𝑅 + 𝑋𝐹𝐿) cos 𝜃𝐹 − (𝑌𝐹𝑅 + 𝑌𝐹𝐿) sin 𝜃𝐹 + 𝑋𝑅𝑅 + 𝑋𝑅𝐿  

(2-4) 

m(
𝑑𝑣

𝑑𝑡
+ 𝑢𝛾) = (𝑋𝐹𝑅 + 𝑋𝐹𝐿) sin 𝜃𝐹 + (𝑌𝐹𝑅 + 𝑌𝐹𝐿) cos 𝜃𝐹 + 𝑌𝑅𝑅 + 𝑌𝑅𝐿  

(2-5) 

I
𝑑𝛾

𝑑𝑡
= 𝑙𝐹[(𝑋𝐹𝑅 + 𝑋𝐹𝐿) sin 𝜃𝐹 + (𝑌𝐹𝑅 + 𝑌𝐹𝐿) cos 𝜃𝐹] − 𝑙𝑅(𝑌𝑅𝑅 + 𝑌𝑅𝐿) 

(2-6) 
+
𝑑𝐹
2
[(𝑋𝐹𝑅 + 𝑋𝐹𝐿) cos 𝜃𝐹 + (𝑌𝐹𝑅 + 𝑌𝐹𝐿) sin 𝜃𝐹] +

𝑑𝑅
2
(𝑋𝑅𝑅 − 𝑋𝑅𝐿) 
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Figure 2-5 The force vector of the nonlinear vehicle model with front two-wheel steering 
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2.4.2 Nonlinear tire characteristic for driving condition 

Fiala’s Theory is fundamental theory widely and commonly use when we 

examine the tire characteristic [2-5]. In this theory, the tire structure is modelled as in 

Figure 2-6. This structure is called the brush model. The tread rubber, which is fitted to 

the stiff rim, is not a continuous circular body, but consists of large numbers of 

independent spring bodies around the tire circumference. Brush model is use to form the 

force equation generated by the wheel in the longitude and lateral direction. The forces 

are influenced by the elastic deformation of the tread rubber and the slippage of the wheel 

during driving, braking and cornering. 

As shown in Figure 2-7, the tire is rotating with an angular velocity, u; while 

traveling in a direction that forms an angle of β to the rotation plane. The velocity 

component in the rotation plane is taken as u. Three forces act upon this tire, namely the 

longitudinal force, Fx, lateral force, Fy, and vertical force, Fz. When the tire longitudinal 

slip ratio and side slip angle are produced, tire deformation occurs. The deformation of 

tread rubber to the tread base at the contact surface is shown by a dimensionless variable 

𝜉𝑝, 

𝜉𝑝 = 1 −
𝐾𝜌

3𝜇𝑊𝑧
𝜆 

Where, 

λ = √𝜌2 + (
𝐾𝛽

𝐾𝜌
)

2

(1 + 𝜌)2tan2 𝛽 

𝐾𝜌 =
𝑏𝑙𝑇

2

2
𝐾𝑥     ,    𝐾𝛽 =

𝑏𝑙𝑇
2

2
𝐾𝑦 

When 𝜉𝜌 > 0, the contact surface comprises of adhesive and slip region. Thus, longitude 

force and lateral force can be written as; 

𝑋 = −𝐾𝜌𝜌𝜉𝑝
2 − 6𝜇𝑊𝑧

𝜌

𝜆
(
1

6
−
1

2
𝜉𝑝
2 +

1

3
𝜉𝑝
3) (2-7) 

𝑌 = −𝐾𝛽(1 + 𝜌) tan𝛽 𝜉𝑝
2 − 6𝜇𝑊𝑧 (

𝐾𝛽 tan𝛽(1 + 𝜌)

𝐾𝜌𝜆
) (
1

6
−
1

2
𝜉𝑝
2 +

1

3
𝜉𝑝
3) (2-8) 

 

However, when 𝜉𝜌 ≤ 0, the contact surface only holds the slip region. Therefore, the 

longitude force and lateral force can be written as; 
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𝑋 = −𝜇𝑊𝑧
𝜌

𝜆
 

(2-9) 

𝑌 = −𝜇𝑊𝑧 (
𝐾𝛽 tan 𝛽(1 + 𝜌)

𝐾𝜌𝜆
) (2-10) 

      

Generally, when a vehicle is traveling in a straight line, the heading direction of the 

wheel coincides with the traveling direction. In other words, the wheel traveling direction 

is in line with the wheel rotational plane. However, when the vehicle has lateral motion 

and yaw motion, the traveling direction can be out of line with the rotational plane. Tire 

side slip angle is defined as the angle between the tire traveling direction and the tire 

heading direction or the tire rotation plane. 
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Figure 2-6 Tire structure model 

 

 

Figure 2-7 The force distribution for tire 
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The vehicle has a velocity component of u in the longitudinal direction, and v in 

the lateral direction. The vehicle also has an angular velocity of γ around the center of 

gravity. Consequently, each tire will have the velocity component of the center of gravity, 

and velocity component due to rotation around the center of gravity. The equation for 

side-slip angle for each tire is given as follows; 

𝛽𝐹𝑅 = tan
−1 (

𝑣 + 𝑙𝐹𝛾

𝑢 + 𝑑𝐹𝛾 2⁄
) − 𝜃𝐹   

 𝛽𝐹𝐿 = tan
−1 (

𝑣 + 𝑙𝐹𝛾

𝑢 − 𝑑𝐹𝛾 2⁄
) − 𝜃𝐹   

𝛽𝑅𝑅 = tan−1 (
𝑣 − 𝑙𝑅𝛾

𝑢 + 𝑑𝑅𝛾 2⁄
)  

𝛽𝑅𝐿 = tan−1 (
𝑣 − 𝑙𝑅𝛾

𝑢 − 𝑑𝑅𝛾 2⁄
) (2-11) 

The slip ratio ρ can be represented in terms of the traction between the road and the tire 

surface, which is defined as 

𝜌 =  
𝑟𝜔 − 𝑢

𝑟𝜔
 (2-12) 

Then the coefficient of friction µ can be approximated by the following equation; 

μ = −1.10k × (𝑒35𝜌 − 𝑒0.35𝜌) (2-13) 

 

where 

{
𝑘 = 1.0  (𝑑𝑟𝑦 𝑎𝑠𝑝ℎ𝑎𝑙𝑡)             

    𝑘 = 0.2  (𝑖𝑐𝑦 𝑟𝑜𝑎𝑑)                    
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2.5 Simulation Procedure 

Based on the equation provided in previous section, numerical simulations of 

steady state cornering test were performed to examine the steering characteristic of the 

modelled small electric vehicle with oversteer characteristic. The simulation parameters 

are as follow: 

Road Condition: Dry asphalt 

Steering System: Front wheel steering 

Vehicle velocity V = 0 km/h ~16km/h 

Front steer angle 𝜃𝐹 = 10
0(constant)  

Steering initiate time t =10s. 

In the simulation, the vehicle will accelerate until it reaches the desired velocity set 

initially. Then, the vehicle will maintain a constant speed. The front wheels will initiate 

rotation 𝜃𝐹 = 10
0 at t =10s. The steady state yaw rotational speed and steady state side 

slip angle during the steady state cornering test are recorded. The process was repeated 

for every velocity. 
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2.6 Simulation Result and Discussion 

Figure 2-8 and Figure 2-9 show the results of the steady state yaw rotational speed 

and steady state side-slip angle during cornering in regards to constant front wheel steer 

angle, respectively. Based on both of these graphs, in regards to constant front steer angle 

of 10o, the steering characteristic of the modelled small electric vehicle with oversteer 

characteristic are as follows; 

 

1. The stability limit velocity Vc = 15.5km/h. 

2. The maximum steady state yaw rotational speed γ= 1.01 rad/s 

3. The maximum absolute value of the steady state side-slip angle β =0.29 rad 

 

  At this velocity Vc = 15.5km/h, the vehicle is stable and can reach the maximum 

steady state yaw rotational speed of 1.01 rad/s with a maximum absolute magnitude of 

the steady state side-slip angle of 0.29 rad. Below the Vc, when the constant velocity 

increased, the longer time it took for the vehicle model to generate a constant yaw 

rotational speed. This is due to the increase side-slip angle to the constant velocity. When 

the velocity is above 15.5km/h, the yaw rotational speed and the side-slip angle will give 

an infinite value. However, the vehicle can still be drive but it is very unstable. 

Nonetheless, we believe that even in the stable region which is below the stability limit 

velocity, the OS small EV can be improved. The relation of the steady state yaw rotational 

speed to velocity is represent by the Figure 2-10 and the relation of the steady state side 

slip angle to velocity is represent in Figure 2-11. 
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Figure 2-8 Change of time for steady state yaw rotational speed during cornering for 2WS 

small electric vehicle 

 

Figure 2-9 Change of time steady state side slip angle during cornering for 2WS small 

electric vehicle 
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Figure 2-10 The relation of the steady state yaw rotational speed to velocity during 

cornering for 2WS small electric vehicle 

 

Figure 2-11 The relation of the steady state side slip angle to velocity during cornering 

for 2WS small electric vehicle 
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2.7 Summary 

The steering characteristic of the OS small electric vehicle was determined by 

performing steady state cornering test in regards to a constant front steer angle and at 

constant velocity. The end results show that the modelled OS vehicle has a stability 

velocity limit at 15.5 km/h. Nonetheless, the vehicle can achieve high yaw rotational 

speed at below this velocity even with small steer angle. However, as the velocity 

increases, the longer time it will take for the vehicle to achieve steady state cornering.  
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Chapter 3 

 

Yaw Moment Control by Four Wheel Drive 

and Independent Steering 
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3.1 Introduction 

In previous chapter 2, theoretically we have successfully increased the mobility 

of a small electric vehicle by modelling an oversteer characteristic. However, when the 

vehicle velocity is equal to or beyond the stability velocity limit the yaw rotational speed 

and side slip angle of the modelled small electric vehicle with oversteer characteristic 

reach infinite value. In this chapter, we introduced a yaw moment control by integrating 

a four-wheel drive and independent steering (4WDIS) as a lateral stability system of the 

vehicle. With steer-by-wire technology, 4WDIS on electric vehicle is much more 

accomplishable. Many past researches adopt easier way of modelling a lateral control 

system based on vehicle model with linear characteristics. We prefer a nonlinear vehicle 

model which represent an actual vehicle more accurately. Thus, in order to redesign a yaw 

moment control, we have devised a few steps as follows; 

 

Step 1: Feed Forward Control System 

The output of linear feedback control is fed forward to the vehicle with a nonlinear 

model.  

Step 2: Nonlinear Feed Back Control System 

Output error between both systems are compared to form a close-loop feedback 

system. 

Step 3: Clarification 

Overall steer characteristic is examined and compared to the result in chapter 2. 
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3.2 Four Wheel Drive and Independent Steering Characteristic 

As we have discussed in the past research section, In-wheel motor system and steer 

by-wire technology allows a freedom of layout for small electric vehicle [3-1]~[3-2]. Due 

to the in-wheel motor system located at the wheels, a small electric vehicle can have a 

‘skateboard-shape’ chassis as shown in Figure 3-1. There will be no need of engine room 

nor transmission on board the chassis. For the same reason, each wheels’ driving torque 

and braking can be governed separately [3-3]. Furthermore, by adding a steering actuator 

on top of each wheel, the direction of the wheels can be manipulated with certain control. 

Figure 3-2 (a), (b), and (c) show the different steering modes of a four-wheel drive and 

independent steering. We had concluded that the steering modes can be separated as 

follow [3-4]; 

a) Opposite steering  

Figure 3-2 (a) shows the diagram of opposite steering. The rear wheels will turn 

on the opposite direction as the front wheels. This will increase the vehicle yaw 

rotational speed which tighten the turning radius. The angular speed of the inside 

wheels is slower compared to the outer wheels. 

b) Parallel steering  

Figure 3-2 (b) shows the diagram of parallel steering. The rear wheels will rotate 

in the same direction parallel to the front. This steering characteristic does not 

generate yaw motion, instead it will decrease the yaw rotational speed. 

c)  ‘Zero-radius’ steering  

Figure 3-2 (c) shows the diagram of ‘Zero-radius’ steering. Unlike parallel and 

opposite steering, the third steering characteristic allows the vehicle to rotate in 

stationary and has a zero turning radius. The front wheels have to be ‘toe-in’ 

position and the rear wheel in ‘toe-out’ position. The driving direction of the left 

and right is in opposite so that the vehicle can alternate.  
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(https://upload.wikimedia.org/wikipedia/commons/f/f3/Tesla_Motors_Model_S_base.J

PG) 

 

http://img-s-msn-

com.akamaized.net/tenant/amp/entitynid/AAgoTIJ.img?h=312&w=624&m=6&q=60&0

=f&l=f 

 

Figure 3-1 ‘Skateboard-shape’ chassis of an electric vehicle 

https://upload.wikimedia.org/wikipedia/commons/f/f3/Tesla_Motors_Model_S_base.JPG
https://upload.wikimedia.org/wikipedia/commons/f/f3/Tesla_Motors_Model_S_base.JPG
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 (a) Opposite steering 

 

 (b) Parallel steering 

 

 (c) ‘Zero-radius’ steering 

Figure 3-2 Four-wheel drive and independent steering mode 
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3.3 Simplified Four Wheel Drive and Independent Steering Vehicle Motion 

3.3.1 Linear dynamic equation of motion 

There is an extensive researches on control method of 4WS [3-5] - [3-7]. 

Unfortunately, the vehicle model was design based on linear dynamic equation. From this 

onward, we will explain the simplification of a linear dynamic equation commonly used 

to represent a vehicle. 

As shown in figure 3-3, “X-Y” is the fixed plane coordinates on the ground, and 

x–y are the fixed coordinates on the vehicle, with x in the vehicle longitudinal direction, 

and y in the lateral direction [3-8]. The vehicle center of gravity is P and the yaw rotational 

speed is taken as positive in the anti-clockwise direction. The position vector of point P, 

with reference to coordinate system X–Y, is defined as R. The velocity vector �̇� can be 

written as: 

 

�̇� = 𝑢𝑖 + 𝑣𝑗          (3-1) 

 

Where, i and j are the respective unit vectors in x and y directions, while u and v are the 

longitudinal and lateral velocity of point P in the x and y directions. Then, the acceleration 

of the vector R can be written as below. 

 

�̈� = �̇�𝑖 + 𝑢𝑖̇ + �̇�𝑗 + 𝑣𝑗̇       (3-2) 

 

Figure 3-4 shows the i and j swing by yaw motion from its position at t=t0 to a new 

position at t = t0+∆t. the change in the position can be written as; 

∆𝑖 = 𝛾∆𝑡𝑗 

∆𝑗 = −𝛾∆𝑡𝑖 

Thus, in the limit ∆t→0, 

𝑖̇ =  lim
∆t→0

∆𝑖

∆𝑡
= 𝛾𝑗 

�́� =  lim
∆t→0

∆𝑗

∆𝑡
= −𝛾𝑖 
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Figure 3-3 Coordinate axes for vehicle plane motion 

 

 

 

Figure 3-4 Time derivative of unit vectors 
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The final acceleration vector of point P, �̈� is 

�̈� = (�̇� − 𝑣𝛾)𝑖 + (�̇� + 𝑢𝛾)𝑗̇                    (3-2)` 

 

The angle between the vehicle traveling direction and longitudinal direction or side slip 

angle of the vehicle at the center of gravity, β is expressed by, 

𝛽 = tan−1 (
𝑢

𝑣
) (3-3) 

 

 If we consider u>>v, then β can be regarded to be very small. Thus,  

𝑢 = 𝑉 𝑐𝑜𝑠 𝛽 ≈ 𝑉 

�̇� = −𝑉 𝑠𝑖𝑛 𝛽 × �̇�   ≈ 𝑉𝛽�̇� 

𝑣 = 𝑉 𝑠𝑖𝑛 𝛽 ≈ 𝑉𝛽 

�̇� = 𝑉 𝑐𝑜𝑠 𝛽 × �̇�  ≈ 𝑉�̇� 

Which, equation (3-2)` of �̈� can be written as; 

�̈� = −𝑉(�̇� − 𝛾)𝛽𝑖 + 𝑉(�̇� − 𝛾)𝑗̇               (3-4) 

 

Based on this, when the side slip angle β is small, a moving vehicle at a constant speed 

will only have an acceleration of 𝑉(�̇� − 𝛾) which is in the lateral and is perpendicular 

to the traveling direction. For this reason, no coupling exists between the yaw rotational 

speed and the vehicle’s translational velocity. By obeying Based on the Newton’s Second 

Law of Motion F = ma, the lateral dynamic equation and yaw dynamic equation can be 

written as;  

 

m𝑉 (
𝑑𝛽

𝑑𝑡
+ 𝛾) = 2𝑌𝑓 + 2𝑌𝑟 (3-5) 

I
𝑑𝛾

𝑑𝑡
= (2𝑙𝑓𝑌𝑓 − 2𝑙𝑟𝑌𝑟) cos𝛽 (3-6) 

 

It is to be noted that there is no difference in the characteristics of the left and right tires 

due to linearity. Thus, the total force generated by sum of two front and two rear wheels. 

The velocity component in x- and y direction for each tire is shown in Figure 3-5. 
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3.3.2 Linear tire characteristic for driving condition 

The heading direction of the front wheels has an angular displacement of 𝜃𝐹  and 

the rear wheels has an angular displacement of 𝜃𝑅  with respect to the vehicle 

longitudinal direction, x. The heading direction of the rear wheels is the same as the 

vehicle longitudinal direction. Therefore, the side-slip angle for each tire could be written 

as below: 

𝛽𝑓 = 𝛽 +
𝑙𝑓
𝑉
𝛾 − 𝜃𝐹  (3-7) 

𝛽𝑟 = 𝛽 −
𝑙𝑟
𝑉
𝛾 − 𝜃𝑅  (3-8) 

 

In linear form, the lateral force of the tire is proportional to the side slip angle of 

the tire. In this research, all angles in anti-clockwise direction are define as positive value. 

However, when the lateral force act in positive y-direction, the side slip angle rotates in 

clockwise and has negative value. Therefore, the lateral force can be calculated as follow; 

𝑌𝑓 = −𝐾𝑓𝛽𝑓 = −𝐾𝑓 (𝛽 +
𝑙𝑓
𝑉
𝛾 − 𝜃𝐹) (3-9) 

𝑌𝑟 = −𝐾𝑟𝛽𝑟 = −𝐾𝑟 (𝛽 −
𝑙𝑟
𝑉
𝛾 − 𝜃𝑅) (3-10) 

 

Kf and Kr are the cornering stiffness of the front and rear wheels. Based on these 

equations, the lateral forces are influenced by the vehicle motion specifically the side slip 

angle of centre gravity β, yaw rotational speed at the centre gravity 𝛾 and the steering 

angle of front and rear wheels 𝜃𝐹 , 𝜃𝑅. The above equations can be substituted into the 

linear lateral dynamic equation in equation (3-5) and the yaw dynamic equation in 

equation (3-6). 
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Figure 3-5 The force vector of the linear vehicle model with front two-wheel steering 
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3.4 Feedforward Control for Vehicle with Nonlinear Model 

Every physical system in our life has nonlinearities and very little can be done 

to overcome them. In case of automobile, the dynamics motion of an actual vehicle also 

inherently a nonlinear system [3-9]. A feedback control cannot be executed directly to 

nonlinear system because of the yaw rotational speed coupled with the velocity 

components as expressed in the nonlinear dynamic equation of motion in previous section. 

However, modelling a control method based on a linear dynamic equation is considered 

not suitable and inaccurate. Other parameters that could influenced the dynamic motion 

of the vehicle are neglected and the modelled control system deem low precision 

Figure 3-6 shows a simulation block diagram to justify our claims. In this 

simulation block, the vehicle model, which is a small electric vehicle with oversteer 

characteristic equipped with 4WDIS, is calculated by a nonlinear dynamic equation of 

motion. Then, a state observer unit, which is modelled by a linear feedback control system, 

is fed forward to the vehicle model. The state observer unit of the simulation block will 

be explained in detail in the following sections. 
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Figure 3-6 Simulation block of a feedforward control for vehicle with nonlinear model 
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3.4.1 Vehicle model 

In a linear equation of motion, we describe that the lateral velocity v is small in 

comparison to u. However, in real condition u isn’t necessarily always constant. Therefore, 

the side slip angle is not assumed as small and the use of β in the description of the vehicle 

motion is avoided. The vehicle longitudinal and lateral accelerations are better expressed 

by (�̇� − 𝑣𝑟) and (�̇� + 𝑢𝑟), respectively. Based on the Newton’s Second Law of Motion 

F=ma, the vehicle lateral and yaw dynamic equations of motion inclusive of the longitude 

dynamic equations of motion can be expressed by the following equations: 

m(
𝑑𝑢

𝑑𝑡
− 𝑣𝛾) =∑𝑋𝐹 +∑𝑋𝑅  

m(
𝑑𝑣

𝑑𝑡
+ 𝑢𝛾) =∑𝑌𝐹 +∑𝑌𝑅  

I
𝑑𝛾

𝑑𝑡
= 𝑙𝐹∑𝑌𝐹 − 𝑙𝑅∑𝑌𝑅 

A nonlinear vehicle dynamic equation of motion was introduced in chapter 2 for 

front wheel steering. However, a four-wheel vehicle nonlinear dynamic model has been 

used obtain the basic understanding of a four-wheel drive and independent steering small 

electric vehicle dynamic motion in this chapter. The vehicle model has six degrees of 

freedom: three translational along the x, y, and z-axes, and three rotational about the x, y 

and z-axes. However, a planar motion is assumed so that a translation along the z-axis 

and rotations about the x and y-axes are disregarded. Figure 3-6 depicts the force vector 

of a vehicle with four-wheel drive and four-wheel steering. The front and rear steering 

angle that are define as 𝜃𝐹  and 𝜃𝑅  cannot be assumed as small. Thus, the sum of forces 

and yaw moment acted on each wheel can be written as follow: 

∑𝑋𝐹 = (𝑋𝐹𝑅 + 𝑋𝐹𝐿) cos𝜃𝐹 − (𝑌𝐹𝑅 + 𝑌𝐹𝐿) sin 𝜃𝐹  

∑𝑋𝑅 = (𝑋𝑅𝑅 + 𝑋𝑅𝐿) cos 𝜃𝑅 − (𝑌𝑅𝑅 + 𝑌𝑅𝐿) sin 𝜃𝑅 

∑𝑌𝐹 =(𝑋𝐹𝑅 + 𝑋𝐹𝐿) sin 𝜃𝐹 + (𝑌𝐹𝑅 + 𝑌𝐹𝐿) cos 𝜃𝐹  

∑𝑌𝑅 = (𝑋𝑅𝑅 + 𝑋𝑅𝐿) sin 𝜃𝑅 + (𝑌𝑅𝑅 + 𝑌𝑅𝐿) cos 𝜃𝑅  

𝑁𝑧 = 𝑙𝐹[(𝑋𝐹𝑅 + 𝑋𝐹𝐿) sin 𝜃𝐹 + (𝑌𝐹𝑅 + 𝑌𝐹𝐿) cos 𝜃𝐹] + 𝑙𝑅[(𝑋𝑅𝑅 + 𝑋𝑅𝐿) sin 𝜃𝑅] 

+(𝑌𝑅𝑅 + 𝑌𝑅𝐿) cos 𝜃𝑅 
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𝑁𝑡 =
𝑑𝐹
2
[(𝑋𝐹𝑅 + 𝑋𝐹𝐿) cos𝜃𝐹 + (𝑌𝐹𝑅 + 𝑌𝐹𝐿) sin 𝜃𝐹] 

+
𝑑𝑅
2
[(𝑋𝑅𝑅 + 𝑋𝑅𝐿) cos 𝜃𝑅 + (𝑌𝑅𝑅 + 𝑌𝑅𝐿) sin 𝜃𝑅] 

 

Where ∑𝑋𝐹 is the total longitude force of front right and left, ∑𝑋𝑅  is the total 

longitude force of rear right and left, ∑𝑌𝐹  is the total lateral force of front right and left, 

∑𝑌𝑅 is the total lateral force of rear right and left, Nz is the yaw moment generated by 

the longitude force of each wheels, Nt is the yaw moment generated by the lateral force 

of each wheels. The subscript FR and FL represent front right and front left and the RR 

and RL represent rear right and rear left. These total forces and yaw moments can be 

substituted in the equation below. The longitude, lateral and yaw dynamic equation of 

motion can be rewritten as follow; 

m(
𝑑𝑢

𝑑𝑡
− 𝑣𝛾) = (𝑋𝐹𝑅 + 𝑋𝐹𝐿) cos 𝜃𝐹 + (𝑋𝑅𝑅 + 𝑋𝑅𝐿) cos 𝜃𝑅

− (𝑌𝐹𝑅 + 𝑌𝐹𝐿) sin 𝜃𝐹 − (𝑌𝑅𝑅 + 𝑌𝑅𝐿) sin 𝜃𝑅  (3-11) 

m(
𝑑𝑣

𝑑𝑡
+ 𝑢𝛾) = (𝑋𝐹𝑅 + 𝑋𝐹𝐿) sin 𝜃𝐹 + (𝑋𝑅𝑅 + 𝑋𝑅𝐿) sin 𝜃𝑅

+ (𝑌𝐹𝑅 + 𝑌𝐹𝐿) cos𝜃𝐹 + (𝑌𝑅𝑅 + 𝑌𝑅𝐿) cos 𝜃𝑅  (3-12) 

I
𝑑𝛾

𝑑𝑡
= 𝑙𝐹[(𝑋𝐹𝑅 + 𝑋𝐹𝐿) sin 𝜃𝐹 + (𝑌𝐹𝑅 + 𝑌𝐹𝐿) cos 𝜃𝐹]

+ 𝑙𝑅[(𝑋𝑅𝑅 + 𝑋𝑅𝐿) sin 𝜃𝑅 + (𝑌𝑅𝑅 + 𝑌𝑅𝐿) cos𝜃𝑅]  

+
𝑑𝐹
2
[(𝑋𝐹𝑅 + 𝑋𝐹𝐿) cos𝜃𝐹 + (𝑌𝐹𝑅 + 𝑌𝐹𝐿) sin 𝜃𝐹] 

+
𝑑𝑅
2
[(𝑋𝑅𝑅 + 𝑋𝑅𝐿) cos 𝜃𝑅 + (𝑌𝑅𝑅 + 𝑌𝑅𝐿) sin 𝜃𝑅] 

(3-13) 

 

Each wheels of the vehicle are modelled as a brush tire. Due to this, the equations 

for friction and lateral forces are dependent on the value of slip ratio, tire side-slip angle, 

and weight distribution. The model’s deformation of the tire tread rubber is also used to 

derive the following equations, 

𝜉𝑝 = 1 −
𝐾𝜌

3𝜇𝑊𝑧
𝜆 

Where, 
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λ = √𝜌2 + (
𝐾𝛽

𝐾𝜌
)

2

(1 + 𝜌)2tan2 𝛽 

𝐾𝜌 =
𝑏𝑙𝑇

2

2
𝐾𝑥     ,    𝐾𝛽 =

𝑏𝑙𝑇
2

2
𝐾𝑦 

When 𝜉𝜌 > 0, the contact surface comprises of adhesive and slip region. Thus, longitude 

force and lateral force can be written as; 

𝑋 = −𝐾𝜌𝜌𝜉𝑝
2 − 6𝜇𝑊𝑧

𝜌

𝜆
(
1

6
−
1

2
𝜉𝑝
2 +

1

3
𝜉𝑝
3) (3-14) 

𝑌 = −𝐾𝛽(1 + 𝜌) tan𝛽 𝜉𝑝
2 − 6𝜇𝑊𝑧 (

𝐾𝛽 tan𝛽(1 + 𝜌)

𝐾𝜌𝜆
) (
1

6
−
1

2
𝜉𝑝
2 +

1

3
𝜉𝑝
3) (3-15) 

However, when 𝜉𝜌 ≤ 0, the contact surface only holds the slip region. Therefore, the 

longitude force and lateral force can be written as; 

𝑋 = −𝜇𝑊𝑧
𝜌

𝜆
 (3-16) 

𝑌 = −𝜇𝑊𝑧 (
𝐾𝛽 tan 𝛽(1 + 𝜌)

𝐾𝜌𝜆
) (3-17) 

Generally, when a vehicle is traveling in a straight line, the heading direction of 

the wheel coincides with the traveling direction. In other words, the wheel traveling 

direction is in line with the wheel rotational plane. However, when the vehicle has lateral 

motion and yaw motion, the traveling direction can be out of line with the rotational plane. 

Tire side slip angle is defined as the angle between the tire traveling direction and the tire 

heading direction or the tire rotation plane. 

As we explained in chapter 2, the vehicle has a velocity component of u in the 

longitudinal direction, and v in the lateral direction. The vehicle also has an angular 

velocity of γ around the center of gravity. Consequently, each tire will have the velocity 

component of the center of gravity, and velocity component due to rotation around the 

center of gravity. The equation for side-slip angle for front and rear wheels with steer 

angle are given as follows; 
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𝛽𝐹𝑅 = tan
−1 (

𝑣 + 𝑙𝐹𝛾

𝑢 + 𝑑𝐹𝛾 2⁄
) − 𝜃𝐹   

 𝛽𝐹𝐿 = tan
−1 (

𝑣 + 𝑙𝐹𝛾

𝑢 − 𝑑𝐹𝛾 2⁄
) − 𝜃𝐹   

𝛽𝑅𝑅 = tan
−1 (

𝑣 − 𝑙𝑅𝛾

𝑢 + 𝑑𝑅𝛾 2⁄
) − 𝜃𝑅   

𝛽𝑅𝐿 = tan
−1 (

𝑣 − 𝑙𝑅𝛾

𝑢 − 𝑑𝑅𝛾 2⁄
) − 𝜃𝑅  (3-18) 

 

The slip ratio ρ can be represented in terms of the traction between the road and 

the tire surface, which is defined as 

𝜌 =  
𝑟𝜔 − 𝑢

𝑟𝜔
 (3-19) 

 

Then the coefficient of friction µ can be approximated by the following equation 

μ = −1.10k × (𝑒35𝜌 − 𝑒0.35𝜌) (3-20) 

 

where 

{
𝑘 = 1.0  (𝑑𝑟𝑦 𝑎𝑠𝑝ℎ𝑎𝑙𝑡)             

   𝑘 = 0.2  (𝑖𝑐𝑦 𝑟𝑜𝑎𝑑)                    
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Figure 3-7 The force vector of the nonlinear vehicle model with 4WDIS 
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3.4.2 State observer unit 

In control theory, a state observer is a system that provides an estimate of 

the internal state of a given real system, from measurements of the input and output of 

the real system. In this study, this state observer unit estimates the yaw rotational speed 

and side-slip angle of the vehicle. The linearized differential equation represents the linear 

vehicle dynamic equation of motion for the state observer. It is arranged as a set of first-

order ordinary differential equations in the vector state form: 

 

x ̇ = Ax + BU𝑟 + CU𝑓  

(3-21) 𝑦𝛽 = 𝛽
∗ = ℂ1

𝑇x 

𝑦𝛾 = 𝛾
∗ = ℂ2

𝑇x 

 where, 

x = [𝛽∗ 𝛾∗]𝑇 ,   

ℂ1
𝑇 = [1 0]𝑇 ,

ℂ2
𝑇 = [0 1]𝑇 ,

           
U𝑓 = 𝜃𝐹 ,

U𝑟 = 𝜃𝑅 ,
 

A = [𝑎 𝑏
𝑐 𝑑

] =

[
 
 
 
 −

2(𝐾𝑓 + 𝐾𝑟)

𝑚𝑣
−1 −

2(𝐾𝑓𝑙𝑓 −𝐾𝑟𝑙𝑟)

𝑚𝑣2

−
2(𝑙𝑓𝐾𝑓 − 𝑙𝑟𝐾𝑟)

𝐼

2(𝑙𝑓
2𝐾𝑓 + 𝑙𝑟

2𝐾𝑟)

𝐼𝑣 ]
 
 
 
 

,   

B = [
𝑒
𝑓] = [

2𝐾𝑟
𝑚𝑣

−
2𝑙𝑟𝐾𝑟
𝐼

] ,       C = [
𝑘
𝑙
] = [

2𝐾𝑓
𝑚𝑣
2𝑙𝑓𝐾𝑓
𝐼

], 

The state vector x represents the side-slip angle and yaw rotational speed of the vehicle. 

The steering angles of the front and rear wheels are the inputs of this system. The value 

for the front-wheel angle θF is a driver-selected input whereas the rear-wheel angle θR is 

initially 0 degrees. During high-speed cornering, the rear-wheel steering is used as the 

control input by introducing a feedback gain −gT . 

 

U𝑟 = −𝑔
𝑇x + 𝜃𝑟 (3-22) 

 

 

https://en.wikipedia.org/wiki/State_space_(controls)
https://en.wikipedia.org/wiki/Input/output
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3.4.3 Optimal control 

In order to find the optimal control for the linearized differential equation, the 

following evaluation function J is employed. 

𝐽 = ∫ (𝑞11x
2 + 𝑞22ẋ

2 +𝑤𝜃𝑟
2)𝑑𝑡

∞

0

= ∫ (x𝑇𝑄x + 𝑤𝜃𝑟
2)𝑑𝑡

∞

0

 (3-23) 

  

where, 

Q = [
𝑞11 0
0 𝑞22

] 

in which q11, q22, and w are appropriately chosen constant weighting matrices for the side-

slip angle, yaw rotational speed, and rear-wheel steering angle, respectively. The optimal 

solution for J can be designed if Q is a positive definite matrix and the state observer 

control input Ur is given by 

U𝑟 = −
1

𝑤
𝐵𝑇𝑃x + 𝜃𝑅 (3-24) 

where, 

−g𝑇 = −
1

𝑤
𝐵𝑇𝑃 

With P = PT ≥0 being the unique positive-semidefinite solution of the algebraic Riccati 

equation, 

𝐴𝑇P + PA − 𝑤−1𝑃𝐵𝐵𝑇𝑃 = −𝑄 

[𝑎 𝑏
𝑐 𝑑

]
𝑇

𝑃 + 𝑃 [
𝑎 𝑏
𝑐 𝑑

] − 𝑤−1𝑃 [
𝑒
𝑓] [𝑒 𝑓]𝑇𝑃 = − [

𝑞1 0
0 𝑞2

] (3-25) 

 

The unique positive-semidefinite P can also be expressed as, 

𝑃 = [
𝜀 𝜙
𝜓 𝜖

] 

Thus, eq. (18) can be expanded as;  

[
𝑎 𝑐
𝑏 𝑑

] [
𝜀 𝜙
𝜓 𝜖

] + [
𝜀 𝜙
𝜓 𝜖

] [
𝑎 𝑏
𝑐 𝑑

] − 𝑤−1 [
𝜀 𝜙
𝜓 𝜖

] [
𝑒
𝑓] [𝑒 𝑓] [

𝜀 𝜙
𝜓 𝜖

] = − [
𝑞1 0
0 𝑞2

] 

[
𝑎𝜀 + 𝑐𝜓 𝑎𝜙 + 𝑐𝜖
𝑏𝜀 + 𝑑𝜓 𝑏𝜙 + 𝑑𝜖

] + [
𝑎𝜀 + 𝑐𝜙 𝑏𝜀 + 𝑑𝜙
𝑎𝜓 + 𝑐𝜖 𝑏𝜓 + 𝑑𝜖

] − 𝑤−1 [
𝜀 𝜙
𝜓 𝜖

] [
𝑒2 𝑒𝑓

𝑒𝑓 𝑓2
] [
𝜀 𝜙
𝜓 𝜖

] 

= − [
𝑞1 0
0 𝑞2

] 
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[
𝑎𝜀 + 𝑐𝜓 𝑎𝜙 + 𝑐𝜖
𝑏𝜀 + 𝑑𝜓 𝑏𝜙 + 𝑑𝜖

] + [
𝑎𝜀 + 𝑐𝜙 𝑏𝜀 + 𝑑𝜙
𝑎𝜓 + 𝑐𝜖 𝑏𝜓 + 𝑑𝜖

] 

−𝑤−1 [
𝑒2𝜀 + 𝑒𝑓𝜙 𝑒𝑓𝜀 + 𝑓2𝜙

𝑒2𝜓 + 𝑒𝑓𝜖 𝑒𝑓𝜓 + 𝑓2𝜖
] [
𝜀 𝜙
𝜓 𝜖

] = − [
𝑞1 0
0 𝑞2

] 

[
𝑎𝜀 + 𝑐𝜓 𝑎𝜙 + 𝑐𝜖
𝑏𝜀 + 𝑑𝜓 𝑏𝜙 + 𝑑𝜖

] + [
𝑎𝜀 + 𝑐𝜙 𝑏𝜀 + 𝑑𝜙
𝑎𝜓 + 𝑐𝜖 𝑏𝜓 + 𝑑𝜖

] 

−𝑤−1 [
[𝑒2𝜀 + 𝑒𝑓𝜙]𝜀 + [𝑒𝑓𝜀 + 𝑓2𝜙]𝜓 [𝑒2𝜀 + 𝑒𝑓𝜙]𝜙 + [𝑒𝑓𝜀 + 𝑓2𝜙]𝜖

[𝑒2𝜓 + 𝑒𝑓𝜖]𝜀 + [𝑒𝑓𝜓 + 𝑓2𝜖]𝜓 [𝑒2𝜓+ 𝑒𝑓𝜖]𝜙 + [𝑒𝑓𝜓 + 𝑓2𝜖]𝜖
] 

= [
−𝑞1 0
0 −𝑞2

] 

 

{
 
 
 

 
 
 𝑎𝜀 + 𝑐𝜓 + 𝑎𝜀 + 𝑐𝜙 −

1

𝑤
([𝑒2𝜀 + 𝑒𝑓𝜙]𝜀 + [𝑒𝑓𝜀 + 𝑓2𝜙]𝜓) = −𝑞1

𝑎𝜙 + 𝑐𝜖 + 𝑏𝜀 + 𝑑𝜙 −
1

𝑤
([𝑒2𝜀 + 𝑒𝑓𝜙]𝜙 + [𝑒𝑓𝜀 + 𝑓2𝜙]𝜖) = 0    

𝑏𝜀 + 𝑑𝜓 + 𝑎𝜓 + 𝑐𝜖 −
1

𝑤
([𝑒2𝜓 + 𝑒𝑓𝜖]𝜀 + [𝑒𝑓𝜓 + 𝑓2𝜖]𝜓) = 0    

𝑏𝜙 + 𝑑𝜖 + 𝑏𝜓 + 𝑑𝜖 −
1

𝑤
([𝑒2𝜓+ 𝑒𝑓𝜖]𝜙 + [𝑒𝑓𝜓 + 𝑓2𝜖]𝜖) = −𝑞2

 

(3-26) 
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3.4.4 Simulation procedures 

Based on the equation provided in previous section, numerical simulations of 

steady state cornering test were performed to justify that a control method based on a 

linear dynamic equation is unsuitable for a nonlinear vehicle model. The modelled small 

electric vehicle with oversteer characteristic was used as vehicle model. The simulation 

parameters are as follow: 

Road Condition: Dry asphalt 

Steering System: Four-wheel steering 

Vehicle velocity V = 50 km/h and 10 km/h 

Front steer angle 𝜃𝐹 = 10
0(constant)  

Steering initiate time t =10s. 

Maximum time tmax = 40s 

 

In the simulation, the vehicle will accelerate until it reaches the velocity of 50 km/h. Then, 

the vehicle will maintain a constant speed. The front wheels will initiate rotation 𝜃𝐹 =

100 at t =10s as shown in figure 3-8. The simulation time length is 40s. The steady state 

yaw rotational speed, steady state side slip angle, wheel steer angle and trajectory during 

the steady state cornering test are recorded. The process was repeated for the velocity of 

10 km/h. The difference in the velocity is to observe the effect under maximum high speed 

low speed cornering. The linear feedback control input is fed forward to the vehicle with 

nonlinear model 
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Figure 3-8 Front steer angle initiate timing 
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3.5 Feedback Control for Vehicle with Nonlinear Model 

3.5.1 Error elimination 

In order to use the state observer’s linear feedback control, the error between 

outputs of both model has to be resolves. In conventional vehicles, there is no other 

method to measure the value of its side slip angle. However, yaw rotational speed of a 

vehicle can be calculated using gyro sensors. 

 The Figure 3-9 shows the renewed control method. the output of the vehicle model 

and the state observer was compared to form a close loop system. In general, there is no 

other method to direct measure the output of side slip angle. However, yaw rotational 

speed of a vehicle can be calculated with gyro sensors. In this system, the estimated yaw 

rotational speed output of state observer unit and the measured yaw rotational speed 

output of the vehicle model are compared and multiplied by high gain H. Then, this gain 

is fed back into the linear model. The linearized differential equation of equation (3-21) 

becomes, 

ẋ̂ = Ax + BU𝑟 + CU𝑓 +𝐻�̃�  

�̃� = 𝛾 − 𝛾∗ = ℂ2
𝑇x̂ − ℂ2

𝑇x  

= ℂ2
𝑇(x̂ − x) (3-27) 

 

The renewed state observer control input can also be redefined as follow; 

U𝑟 = −
1

𝑟
𝐵𝑇𝑃(x̂ − x) + 𝜃𝑅  (3-28) 
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Figure 3-9 Simulation block of a feedback control for vehicle with nonlinear model 
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3.5.2 Simulation procedure 

Numerical simulations of steady state cornering test were performed to examine 

the improvement of the feed forward control system on nonlinear vehicle model with yaw 

rotational speed error elimination. The modelled small electric vehicle with oversteer 

characteristic was used as vehicle model. The simulation parameters are as follow: 

Road Condition: Dry asphalt 

Steering System: Four-wheel steering 

Vehicle velocity V = 50 km/h and 10 km/h 

Front steer angle 𝜃𝐹 = 10
0(constant)  

Steering initiate time t =10s. 

Maximum time tmax = 40s 

 

In the simulation, the vehicle will accelerate until it reaches the velocity of 50 km/h. Then, 

the vehicle will maintain a constant speed. The front wheels will initiate rotation 𝜃𝐹 =

100 at t =10s. The simulation time length is 40s. The steady state yaw rotational speed, 

steady state side slip angle, wheel steer angle and trajectory during the steady state 

cornering test are recorded. The process was repeated for the velocity of 10 km/h. The 

results of feedforward control (FFC) are compared with the renewed feedback control 

(FBC) for vehicle with nonlinear model. 
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3.6 Overall Steering Characteristic of 4WDIS Small Electric Vehicle 

Linear feedback control can be feed forward to the vehicle nonlinear model with 

an error elimination of the output of both systems. Lastly, we have to examine the steer 

characteristic of the system. 

3.6.1 Simulation procedure 

Numerical simulations of steady state cornering test were performed to examine 

the overall steering characteristic of the modelled over steer small electric vehicle with 

yaw moment control by four-wheel drive and independent steering. 

Road Condition: Dry asphalt 

Steering System: Four-wheel steering 

Vehicle velocity V = 50 km/h and 10 km/h 

Front steer angle 𝜃𝐹 = 10
0(constant)  

Steering initiate time t =10s. 

Maximum time tmax = 40s 

 

In the simulation, the vehicle will accelerate until it reaches the desired velocity. Then, 

the vehicle will maintain a constant speed. The front wheels will initiate rotation 𝜃𝐹 =

100 at t =10s. The simulation time length is 40s. The steady state yaw rotational speed, 

steady state side slip angle and wheel steer angle during the steady state cornering test are 

recorded. The process was repeated for each velocity. The results are compared with the 

previous results of steady state cornering by two-wheel steering. 
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3.7 Simulation Result and Discussion 

3.7.1 Feedforward control for vehicle with nonlinear model 

In this first part, we will discuss the result of steady state cornering at 50km/h. 

Figure 3-10 shows the front steer angle from the driver input 10 (deg), which is equivalent 

to 0.175 (rad), and the rear steer angle fed forward from state observer unit during the 

steady state cornering at 50 (km/h). Figure 3-11 shows the result of the trajectory during 

the steady state cornering at 50 (km/h) in regard to constant front steer angle. Figure 3-12 

and Figure 3-13 show the output results of the steady state yaw rotational speed and steady 

state side slip angle during this steady state cornering simulation.  

In figure 3-10, the black line represents front steer angle and the red dash line 

represent rear steer angle. During steady state cornering at 50 km/h in regards to 10 (deg) 

front steer input. In order to maintain stability, the state observer generated a positive steer 

angle at the rear wheels as a control input. The positive value indicates that the rear wheels 

steered in anti-clockwise direction that is similar direction to the front wheels. This value 

is fed forward to the vehicle with nonlinear model.   

In regards to same velocity and steer angle input, we could clearly see the 

difference in the results of trajectory, yaw rotational speed and side slip angle. The red 

line represent State observer and blue line represent vehicle with nonlinear model. In the 

trajectory result, the vehicle with nonlinear model shows a wider cornering radius in 

compassion to state observer that produce a sharper turning. The trajectory of the state 

observer is an approximation calculation based on the output. The variation of the 

trajectory is caused by the output of both vehicle and state observer. In Figure 3-11, the 

vehicle has a lower steady state yaw rotational speed than the output of state observer.  

On the other hand, the steady state side slip angle of the vehicle in Figure 3-12 also shows 

a higher value than the output of state observer.  

We can conclude that the state observer generated the rear steer angle based on 

the yaw rotational speed and side slip angle calculated by linear dynamic equation. The 

low output values gave a low control input which was insufficient for the vehicle with 

nonlinear model.  

Next, we will discuss the result of steady state cornering at 10km/h. 

Figure 3-14 shows the front steer angle from the driver input 10 (deg) and the 

rear steer angle fed forward from state observer unit during the steady state cornering at 
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10 (km/h). Figure 3-15 shows the result of the trajectory during the steady state cornering 

at 10 (km/h) in regard to constant front steer angle. Figure 3-16 and Figure 3-17 show the 

output results of the steady state yaw rotational speed and steady state side slip angle 

during this steady state cornering simulation. 

In figure 3-14, the black line represents front steer angle and the red dash line 

represent rear steer angle. In contrast to the cornering at 50 (km/h), during steady state 

cornering at 10 km/h in regards to 10 (deg) front steer input, the state observer generated 

a negative steer angle at the rear wheels. The negative value indicates that the rear wheels 

steered in clockwise direction that is opposite to the front wheel. This value is fed forward 

to the vehicle with nonlinear model.   

The red line represent State observer and blue line represent vehicle with 

nonlinear model. In this low speed cornering, the end result is reverse than the results of 

the previous high speed steady state cornering. The vehicle with nonlinear model shows 

a tighter cornering radius in compassion to state observer. This is due to the fed forward 

control input that was excessive giving higher yaw rotational speed and side slip angle in 

an absolute magnitude. 
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Figure 3-10 the front steer angle from the driver input and the rear steer angle 

 

 

Figure 3-11 the trajectory during the steady state cornering 
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Figure 3-12 the output results of the steady state yaw rotational speed during this steady 

state cornering 

 

 

Figure 3-13 the output results of the steady state side slip angle during this steady state 

cornering 
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Figure 3-14 the front steer angle from the driver input 10 (deg) and the rear steer angle 

fed forward from state observer unit 

 

 

Figure 3-15 the trajectory during the steady state cornering at 10 (km/h) 
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Figure 3-16 the output results of the steady state yaw rotational speed during this steady 

state cornering 

 

 

 

Figure 3-17 the output results of the steady state side slip angle during this steady state 

cornering 
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3.7.2 Feedback control for nonlinear vehicle model 

In order to use the state observer’s linear feedback control, the error between 

outputs of vehicle model and state observer has to be reduced. The side slip angle of a 

vehicle can’t be measured. However, yaw rotational speed of a vehicle can be calculated 

using gyro sensors. The estimated yaw rotational speed of the state observer unit and the 

measured yaw rotational speed of the vehicle nonlinear model are compared and 

multiplied by high gain, fed back to the linear model to produce a rectified control input 

and lastly fed back to the vehicle model. The previous results of feedforward control 

(FFC) for vehicle with nonlinear model are compared with the renewed feedback control 

(FBC). 

In this first part, we will discuss the result of steady state cornering at 50km/h by 

FFC and FBC system. Figure 3-18 shows the front steer angle from the driver input 10 

(deg), and the rear steer angle from FFC and FBC during the steady state cornering at 50 

(km/h). Figure 3-19 shows the result of the FFC and FBC trajectory during the steady 

state cornering at 50 (km/h) in regard to constant front steer angle. Figure 3-20 and Figure 

3-21 show the output results of the steady state yaw rotational speed and steady state side 

slip angle by FFC and FBC during this steady state cornering simulation.  

In figure 3-18, the black line represents front steer angle. While, the red solid 

and dash lines represent rear steer angle with FFC and FBC, respectively. During steady 

state cornering, the state observer with FBC generated a slightly higher steer angle at the 

rear wheels than the FFC. A few second delay from the front wheel steer initial time can 

be observed at the rear steer angle with FBC. However, the rear steer angle increased 

instantly when it initiated.  

Due to this, we could see progress from the previous result at the trajectory, yaw 

rotational speed and side slip angle. The solid blue and red lines represent vehicle and 

state observer with FBC while dash blue and red line represents vehicle and state observer 

with FFC. In the trajectory result, the trajectory of the vehicle is similar to the state 

observer after FBC is applied. The slight increase of the rear steer angle caused the steady 

state yaw rotational speed to increase considerably and lower the steady state side slip 

angle of the vehicle with FBC. However, the changes of the state observer output when 

FBC was applied are small and can be considered insignificant.  

Next, we will discuss the result of steady state cornering at 10km/h by FFC and 



71 

 

FBC system. Figure 3-22 shows the front steer angle from the driver input 10 (deg), and 

the rear steer angle from FFC and FBC during the steady state cornering at 10 (km/h). 

Figure 3-23 shows the result of the FFC and FBC trajectory during the steady state 

cornering at 50 (km/h) in regard to constant front steer angle. Figure 3-24 and Figure 3-

25 show the output results of the steady state yaw rotational speed and steady state side 

slip angle by FFC and FBC during this steady state cornering simulation.  

In figure 3-22, the black line represents front steer angle. While, the red solid 

and dash lines represent rear steer angle with FFC and FBC, respectively. A few second 

after the rear steer angle initiate, the angle increase in negative value for both FFC and 

FBC. However, when the rear steer angle started to decreased, the state observer with 

FBC generated a lower steer angle in the negative value at the rear wheels in comparison 

to the FFC.  

Unlike the steady state cornering at high speed, the FBC has an impact on output 

of both vehicle model and state observer. In Figure 3-23, the trajectory of vehicle and 

state observer with FBC is identical and are present in between the trajectory of previous 

vehicle and state observer with FFC. The same occurrence can be observed for the steady 

state yaw rotational speed and steady state side slip angle which the output exists in 

between the previous output of vehicle and state observer with FFC. Furthermore, in this 

FBC system, only the error of yaw rotational speed was eliminated. Thus, the steady state 

side slip angle had a small variation. This small error merely effected the face of direction 

of the vehicle. Nonetheless, the outcome trajectory of the vehicle and state observer are 

the same. 
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Figure 3-18 the front steer angle from the driver input 10 (deg), and the rear steer angle 

from FFC and FBC during the steady state cornering at 50 (km/h)  

 

 

Figure 3-19 the FFC and FBC trajectory during the steady state cornering at 50 (km/h) 
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Figure 3-20 the steady state yaw rotational speed by FFC and FBC during steady state 

cornering at 50km/h 

 

Figure 3-21 the steady state side slip angle by FFC and FBC during steady state cornering 

simulation at 50km/h 
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Figure 3-22 the front steer angle from the driver input 10 (deg), and the rear steer angle 

from FFC and FBC during the steady state cornering at 10 (km/h) 

 

Figure 3-23 the FFC and FBC trajectory during the steady state cornering at 10 (km/h) 
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Figure 3-24 the steady state yaw rotational speed by FFC and FBC during steady state 

cornering at 10km/h 

 

Figure 3-25 the steady state side slip angle by FFC and FBC during steady state cornering 

simulation at 10km/h 
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3.7.3 Overall Steering Characteristic of OS Small Electric Vehicle with 4WDIS 

The stability limit velocity of the modelled OS in-wheel small EV has been 

determined in the chapter 2. In this chapter, we implemented 4WDIS onto the vehicle as 

a yaw moment control. The previous steady state cornering simulation condition in 

chapter 2 is repeated again. In order to have a deep understanding, the discussion is 

separated between the stability regions. 

In this first section, the control effect of the 4WDIS on an OS in-wheel small EV 

during steady state cornering over the stability limit velocity in regards to constant front 

steer angle 10o is investigated. Figure 3-26 shows the result of the steady state yaw 

rotational speed for the vehicle model with 4WDIS. From this figure, the yaw rotational 

speed decreased as the velocity of the vehicle model increased. However, if we observe 

closely, the time to produce a constant steady state yaw rotational speed is instantaneous, 

especially at velocity range of 30 km/h to 50 km/h. The results of steady state side-slip 

angle for this simulation in Figure 3-27 shows a reverse pattern from the yaw rotational 

speed. The side-slip angle increased as the velocity of the vehicle model increased. Based 

on these results, we can assume that the 4WDIS control input suppressed the output of 

yaw rotational speed and side slip angle considerably as the velocity of the vehicle model 

increased. 

In order to understand the control method of the 4WDIS, we have to examine the 

input of the system. Figure 3-28 shows the rear wheel steering angle during the steady 

state cornering simulation of the 4WDIS vehicle model. In the first few second after the 

front wheel steering angle initiated, a rear wheel steering angle in minus value was 

generated that gave the instantaneous yaw rotational speed mention before. The minus 

angle of the rear wheel was smaller as the steady state velocity increased because the 

excess yaw rotational speed produce by OS vehicle model also increased. As time 

progressed, the rear wheel steer angle was increased to counter the excess yaw rotational 

speed and maintain a constant value. The angle of the rear wheel is larger at the velocity 

range over 15 km/h which proofs our early assumption was correct. Based on these results, 

an OS in-wheel small EV can achieve a stable steady state cornering even when the 

velocity is over the stability limit velocity with the implementation of 4WDIS.  
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Theoretically, OS vehicles can already produce high yaw rotational speed and 

stability when cornering below the stability limit velocity. Logically, any control system 

is unnecessary in the stable region. Based on the previous result of 2WS in chapter 2, we 

can assume that the cornering performance in the stable region of the OS in-wheel small 

EV will be suppressed in the presents of the 4WDIS. 

In this section, the control effect of 4WDIS implementation onto an OS in-wheel small 

EV during steady state cornering below the stability limit velocity in regards to constant 

front steer angle 10o is presented. Figure 3-29 and figure 3-30 show the results of the 

steady state yaw rotational speed and steady state side-slip angle for the vehicle model 

with 4WDIS, respectively. The average time for the yaw rotational speed to reach 

constant value was also reduced to 25s in comparison to the 2WS vehicle model. The 

4WDIS had increased the steering response time in regards to the front wheel steer input 

initiated at t=10s. Even with high yaw rotational speed, the steady state side slip angle 

also remains constant. 

For better comparison, the relation between steady state yaw rotational speed and 

steady state side-slip angle to the velocity of the vehicle model with 4WDIS and 2WS 

were plotted in Figure 3-31 and Figure 3-32. The steady state yaw rotational speed of the 

vehicle model with 4WDIS was approximately two folds the value of vehicle model with 

normal 2WS at velocity of 0 to 10 km/h. When the velocity of the vehicle increased from 

10 km/h to 15 km/h, the steady state yaw rotational speed gradually decreased. A similar 

pattern occurred for the side-slip angle when we observe in absolute magnitude value. 

In order to comprehend these matters, we have to examine the input of the control 

system. Figure 3-33 shows the rear wheel steering angle during the steady state cornering 

of the 4WDIS vehicle model. As soon as the front wheel steer initiated at t=10s, the rear 

wheel steer at the opposite direction as the front wheel. Unlike the situation in the unstable 

region, the rear wheel steering angle maintained an opposite angle as the front wheel 

which boost the yaw rotational speed. As the velocity approach near the stability limit, 

the outputs need to be suppressed. 

In order to conclude the overall steer characteristic of the OS small electric vehicle 

with 4WDIS during steady state cornering in regards to front steer angle 10 (deg), Figure 

3-34 shows the relationship of steady state yaw rotational speed and velocity while Figure 

3-35 shows the relationship of steady state side slip angle and velocity in comparison to 
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the conventional 2WS vehicle. On the other hand, Figure 3-36 shows the relationship of 

the output rear wheel steer angle and velocity in regards to front steer angle 10 (deg). 
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Figure 3-26 Change of time for steady state yaw rotational speed during cornering above 

stability limit velocity with 4WDIS 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3-27 Change of time for steady state side slip angle during cornering above 

stability limit velocity with 4WDIS 
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Figure 3-29 Change of time for steady state yaw rotational speed during cornering above 

stability limit velocity with 4WDIS 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3-30 Change of time for steady state side slip angle during cornering above 

stability limit velocity with 4WDIS 
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Figure 3-31 Comparison of the steady state yaw rotational speed to velocity during 

cornering below stability velocity limit for 4WDIS and 2WS  

 

Figure 3-32 Comparison of the steady state side slip angle to velocity during cornering 

below stability velocity limit for 4WDIS and 2WS  
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Figure 3- 33 Front and rear wheel steer angle during cornering below stability limit 

velocity with 4WDIS 
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Figure 3-34 The overall steady state yaw rotational speed to velocity for 4WDIS in 

comparison to 2WS 

 

Figure 3-35 The overall steady state side slip angle to velocity for 4WDIS in comparison 

to 2WS 
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3.8 Summary 

In order to use the state observer’s linear feedback control on the vehicle with 

nonlinear model, the error between outputs of both model has to be resolves. The 

estimated output of the state observer unit and the measured output of the vehicle 

nonlinear model are compared and multiplied by high gain H which is then fed back to 

the linear model to produce a rectified control input. Then, the rectified control input is 

send to the vehicle.  

The steering characteristic of the OS small electric vehicle integrated with 4WDIS 

was determined by performing steady state cornering test in regards to a constant front 

steer angle and at constant velocity. The results were compared with the 2WD OS small 

electric vehicle from chapter 2. We found that the 4WDIS eliminates the stability velocity 

limit of the modelled OS small electric vehicle. The yaw moment control system does not 

only maintain stability at high speed, but also increase mobility at low speed. Furthermore, 

the system utilized opposite steering at low speed and parallel steering at high speed. 
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Chapter 4 

 

Regenerative Brake Control as Skid 

Control System 
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4.1 Introduction 

Chapter 4 is the skid control system by regenerative brake control. Even though 

we have achieved in increasing the mobility and steering performance of the small electric 

vehicle in the previous chapter 2 and 3, the system is feeble if traction can’t be managed. 

A normal anti-lock brake system can’t be installed on an in-wheel motor due to space 

limitation. In this chapter, based on the characteristics of in-wheel motor, which are fast 

torque response and easiness in obtaining an accurate torque feedback, the regenerative 

brake control was developed as a substitute to an anti-lock brake system. The ABS 

controls the slip ratio of the tire so that friction coefficient can be maximized. In case of 

regenerative brake control, if the slip ratio is greater than the optimum value, the 

regenerative brake turns off and the current produced is transferred to charge the battery. 

However, when the slip ratio is smaller than the optimum value, the regenerative brake is 

restored to regain the brake force. From the simulation results, during braking on an icy 

road, the regenerative brake control has the same control effect as an ABS. Thus, for an 

in-wheel small electric vehicle, the regenerative brake control can be a substituted to ABS 

and be utilized as a skid control system  
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4.2 Anti-lock Brake System 

4.2.1 ABS structure unit 

Anti-lock brake system (ABS) is one of the skid control system in automobile 

that allows the wheels of a vehicle to maintain traction with the surface of the road 

disregarding the drivers braking force preventing the wheels from locking up or stop 

rotating while the vehicle is still in motion [4-1] - [4-4]. ABS offers a huge improvement 

in vehicle stability and decrease stopping distances on dry and slippery road conditions. 

Figure 4-1 shows the simple structure of an ABS unit. 

Speed Sensor 

In order for the anti-lock brake system to supervise the wheel during lock up, a 

speed sensor located on each wheel is need. 

Electronic Control Unit (ECU) 

The ECU is the controller in the vehicle which receive feedback from each 

individual wheel speed sensor, in case if there a variation in the wheel speed causing 

traction lose the signal is sent to the controller. The controller will then limit the brake 

force by activate the braking valve on and off. 

Hydraulic Unit 

The hydraulic consist of three-channel piping model, each piping for the front 

wheels and one that connects to the power cylinder that controls the mechanical brakes 

for the rear wheels. The hydraulic unit receives the braking pressure directly from the 

master cylinder. The separation on the front wheels provides particular control for 

maximum braking efficiency while the rear wheels are control simultaneously. In the 

hydraulic unit contains 3 IN-valves, 3 OUT-valves and a piston pump. 

 

 Valve 

The ECU send a signal to the IN and the OUT valve to control the pressure 

generate from the master cylinder. In normal braking condition, the IN-valves 

open allowing the pressure from the master cylinder to pass through to the wheel 

cylinder. However, when the driver pushes the pedal too hard, the IN-valves close 

isolating the pressure from the master cylinder. Lastly, when in skidding 

condition the OUT-valves open to release pressure from the wheel cylinder, 

decreasing the braking force. 
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 Pump 

When the valves release the pressure from the brakes, the pump is used to regain 

the pressure back to the wheel cylinder. 
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Figure 4-1: ABS structure Unit 

 

 

 

 

 

 

 

 

1: hydraulic brake line, 2: mechanical linkage, 3: signal cable 

connection to speed sensor, 4: electric control unit 
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4.2.2 ABS Operation 

The slip ratio formula is crucial for the ABS to operate by expressing the traction 

characteristics between the vehicle’s tire and road surface. Equation 4-1 proposed the 

definition of slip ratio ρ. Where u indicates the body speed, ω denotes the rotational speed 

of the tire, and r denotes the radius of the tire.  

 

{
𝜌 =

𝑢 − 𝑟𝜔

𝑢
             (braking) 

𝜌 =
𝑟𝜔 − 𝑢

𝑟𝜔
             (driving) 

 (4-1) 

 

By using the value of slip ratio, an approximation of the friction coefficient μ of the 

tire and the road surface can be calculated in the following equation 4-2; 

 

{
𝜇 = 1.10𝑘 × (𝑒35𝜌 − 𝑒0.35𝜌)            (braking)

𝜇 = −1.05𝑘 × (𝑒−45𝜌 − 𝑒−0.45𝜌)     (driving)
 (4-2) 

 

Where k is the parameter of the road condition, for which the values are as follow; 

 

{
𝑘 =  1.0    (dry asphalt)

   𝑘 =  0.2    (icy road)      
  

 

Utilizing slip ratio and friction coefficient equations, a typical tire characteristic 

curve is produced as such in Figure 4-2. When the tire is locked, the slip ratio becomes 

1.0, and the friction coefficient decreases and becomes approximately zero. As a result, 

the braking force is reduced, and the motion of the vehicle becomes uncontrollable.  

The ABS controls the slip ratio so that the friction coefficient is maximized. When 

tire lock occurs, i.e., when the slip ratio becomes 1.0, the IN valve is closed, the OUT 

valve is opened, and the pump begins to operate. The pressure in the wheel cylinder and 

the braking force are decreased. As a result, the slip ratio becomes small, and the friction 

co-efficiency and the side force become larger. When the slip ratio becomes too small, 

the IN valve opens and the OUT valve closes again. The pressures in the wheel cylinder 

and the braking force are increased, and the slip ratio then becomes large.   
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It is suggested that in ABS controller unit, when the slip ratio reaches the value 

between ρup =0.2 and ρdn = 0.3, the vehicle can obtain the maximum value of friction 

coefficient and a high degree of cornering force shown in Figure 4-2. 
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Figure 4-2: ABS Control Unit by Typical Tire Characteristic 
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4-3 Regenerative Brake System  

4.3.1 Mechanism of regenerative brake system 

Regenerative braking is often related to vehicle that applies electric motor. Nearly 

all electric motors are based on magnetism. When an electric is directed to the stator and 

rotor, different magnetic poles are formed between them and give rise to a force, which 

produces torque (kinetic energy). In reverse process or electric generator, the rotor is force 

to turn in opposite direction, the motor become an electric generator converting kinetic 

energy into output of electric energy. The electrical load produced generates the braking 

effect. 

From the mechanism of electric motor as generator, it clearly understood that 

regenerative brake force of a vehicle is proportional to the rotational speed of the rotor, 

which in this case is the motor shaft. When the vehicle is braking, the motor shaft forces 

the rotor to turn by the wheels’ momentum causing electrical load. As the vehicle 

gradually slows down, the rotational speed of the wheel decreases and so thus the 

electrical current produced. The declination of braking effect shows that the regenerative 

brake force diminished. 

 Generally, a mechanical brake system is installed at the wheels where in-wheel motor 

is located. Therefore, the total amount of brake force on the wheels with in-wheel motors 

can be written as;    

 

𝐹𝑟𝑒𝑎𝑟 = (C × ω) + 𝐹𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙          (4-3)  

 

Where, Factual: actual rear tire brake force, C: regenerative brake coefficient, ω: rotational 

speed of tire, and F mechanical: mechanical brake force 

Figure 4-3 shows the regenerative brake and mechanical brake system in the ideal 

braking force distribution. 
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Figure 4-3 Ideal Braking Force Distribution 
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4.3.2 Regenerative brake control 

In general, an in-wheel motor on each wheel provides the possibility of enhanced 

vehicle motion control [4-5]. However, the excessive regenerative braking torque can 

result in the locked-up of the EV’s wheel especially during braking on an icy road and 

emergency braking. On the other hand, the introduction of the ABS has contributed to 

improve the safety of the vehicles decisively by automatically controlling the brake force 

during braking in potentially dangerous conditions [4-6]. Due to the characteristics of the 

in-wheel motor, which is the torque response is fast and accurate, the in-wheel motor can 

be an actuator of ABS to control the regenerative braking torque on the driving tire. 

     Figure 4-4 illustrates the typical friction coefficient and slip ratio curves for the dry 

asphalt an icy road [4-7]. This figure is used as a reference in the regenerative brake 

control. Wheel skid will occur when the large regenerative braking torque rapidly 

generated at the wheel. This will cause the wheel to lock-up and the vehicle to skid. The 

slip ratio is used to know either the wheel is locked or not and the equation of slip ratio 

during braking is: 

 

 𝜌 =
𝑢−𝑟𝜔

𝑟𝜔
                                          (4-4) 

                       

Where u is the wheel absolute velocity or vehicle chassis velocity in the longitudinal 

direction. 𝑟 and 𝜔 are the wheel radius and tire angular velocity respectively. When the 

slip ratio rapidly increases towards 1.0, the braking force and the side force generation on 

the wheel will be disappeared. This causes unstable vehicle motion and can be a 

dangerous spin motion.  

     In this study, based on the Figure 4-3, the regenerative brake control timing is 

proposed. The regenerative brake control timing operates similar as ABS, which is based 

on the slip ratio. If ρ > ρdn , the regenerative brake turns off and the current produced is 

transferred to charge the battery. However, if ρ < ρup, the regenerative brake is turned back 

on to regain the ideal brake force. From this mechanism, the braking force on the rear tire 

can be maximized and prevent wheel locked during braking on an icy road or emergency 

braking. 
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4.4 Analysis Vehicle Model 

4.4.1 Vehicle braking system 

In order to observe the effectiveness of regenerative brake control, we compared the 

braking effect of regenerative brake control with anti-lock brake system on an in-wheel 

small electric vehicle. The figure 4-4 shows the braking system of the analysis vehicle 

model. The front brake system consists of a hydraulic brake system and the rear wheels, 

which the in-wheel motor located, consists of mechanical brake system and regenerative 

brake system. 

Figure 4-5 shows the construction of a hydraulic and mechanical brake system 

represented as a bicycle model where both left and right side of the brake system have the 

same mechanism. The front brake system is a hydraulic braking system while the rear 

brake system is a mechanical braking system. In hydraulic brake system, the braking force 

of the front drum brake is monotonous to the force acted from master cylinder (M/C) 

pressure. The total force is defined as equation 3; 

𝐹ℎ𝑦𝑑𝑟𝑎𝑢𝑙𝑖𝑐 = (𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒)  × (𝑚𝑎𝑠𝑡𝑒𝑟 𝑐𝑦𝑙𝑖𝑛𝑑𝑒𝑟 𝑐𝑟𝑜𝑠𝑠 𝑠𝑒𝑐𝑡𝑖𝑜𝑛  𝑎𝑟𝑒𝑎) 

= 𝜌𝑔𝐻 ×
𝜋𝑑2

4
                (4-5) 

In mechanical brake system, the braking pressure generated in the master cylinder 

is directed into a power cylinder. The piston from power cylinder pulls a wire connected 

to the rear drum brake that moves the brake shoe. Every power cylinder is represented by 

a spring-mass-damper system and the wire connecting from the power cylinder to the 

drum brake is represented as a spring. The dynamic force equation from the power 

cylinder to the wire of a mechanical brake system can be shown in below; 

𝑚𝑝
𝑑2𝑥𝑝

𝑑𝑡2
=  𝜌𝑔𝐻𝐴 − 𝑘𝑤(𝑥𝑝 − 𝑥𝑑) − 𝑘𝑝𝑥𝑝 − 𝑑𝑝

𝑑𝑥𝑝

𝑑𝑡
                 (4-6) 

 

In the simulation, the displacement of power cylinder spring 𝑥𝑝 is calculated by using 

finite-differential method on the dynamic force equation above. When assuming a 

uniform partition in time ∆t, so the difference between two consecutive spaces is donated 

as (A) for the first order and (B) second order.  

𝑚𝑝

𝑑�̇�𝑝
𝑑𝑡

=  𝜌𝑔𝐻𝐴 − 𝑘𝑤(𝑥𝑝(𝐴) − 𝑥𝑑(𝐴)) − 𝑘𝑝𝑥𝑝(𝐴) − 𝑑𝑝�̇�𝑝(𝐴)  
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𝑚𝑝

�̇�𝑝(𝐵) − �̇�𝑝(𝐴)

∆𝑡
= 𝜌𝑔𝐻𝐴 − 𝑘𝑤(𝑥𝑝(𝐴) − 𝑥𝑑(𝐴)) − 𝑘𝑝𝑥𝑝(𝐴) − 𝑑𝑝�̇�𝑝(𝐴) (4-6)` 

 

Let consider,  

    𝐹𝑡𝑜𝑡 = 𝜌𝑔𝐻𝐴 − 𝑘𝑤(𝑥𝑝(𝐴) − 𝑥𝑑(𝐴)) − 𝑘𝑝𝑥𝑝(𝐴) − 𝑑𝑝�̇�𝑝(𝐴) 

The velocity of the power cylinder spring, 

�̇�𝑝(𝐵) = �̇�𝑝(𝐴) +
∆𝑡

𝑚𝑝

(𝐹𝑡𝑜𝑡) 
(4-7) 

Thus, the displacement of the spring can be written as,  

�̇�𝑝(𝐵) = 
𝑑𝑥𝑝
𝑑𝑡

 = �̇�𝑝(𝐴) +
∆𝑡

𝑚𝑝

(𝐹𝑡𝑜𝑡) 

𝑥𝑝(𝐵) − 𝑥𝑝(𝐴)

∆𝑡
 = �̇�𝑝(𝐴) +

∆𝑡

𝑚𝑝

(𝐹𝑡𝑜𝑡) 

𝑥𝑝(𝐵) = 𝑥𝑝(𝐴) + ∆𝑡 (�̇�𝑝(𝐴) +
∆𝑡

𝑚𝑝

(𝐹𝑡𝑜𝑡)) (4-8) 

However, the dynamic force equation from the wire to the rear drum brake of a 

mechanical drum brake system is as follow; 

𝑚𝑑

𝑑2𝑥𝑑
𝑑𝑡2

= 𝑘𝑤(𝑥𝑝 − 𝑥𝑑) − 𝑘𝑑𝑥𝑑 − 𝑑𝑑
𝑑𝑥𝑑
𝑑𝑡

 (4-9) 

In order to calculate the displacement of drum brake spring 𝑥𝑑, the same method of 

finite-differential was used.  

𝑚𝑑

𝑑�̇�𝑑
𝑑𝑡

= 𝑘𝑤(𝑥𝑝 − 𝑥𝑑) − 𝑘𝑑𝑥𝑑 − 𝑑𝑑�̇�𝑑 

𝑚𝑑

�̇�𝑑(𝐵) − �̇�𝑑(𝐴)

∆𝑡
= 𝑘𝑤(𝑥𝑝(𝐴) − 𝑥𝑑(𝐴)) − 𝑘𝑑𝑥𝑑(𝐴) − 𝑑𝑑�̇�𝑑(𝐴) (4-9)` 

The velocity of the drum brake spring, 

�̇�𝑑(𝐵) = �̇�𝑑(𝐴) +
∆𝑡

𝑚𝑑

(𝑘𝑤(𝑥𝑝(𝐴) − 𝑥𝑑(𝐴)) − 𝑘𝑑𝑥𝑑(𝐴) − 𝑑𝑑�̇�𝑑(𝐴)) 

Thus the displacement of the spring is 

𝑥𝑑(𝐵) = 𝑥𝑑(𝐴) 

+∆𝑡 (�̇�𝑑(𝐴) +
∆𝑡

𝑚𝑑

(𝑘𝑤(𝑥𝑝(𝐴) − 𝑥𝑑(𝐴)) − 𝑘𝑑𝑥𝑑(𝐴) − 𝑑𝑑�̇�𝑑(𝐴))) 
(4-10) 
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Finally, by obtaining the displacement of drum brake spring 𝑥𝑑, the total braking 

force for the mechanical brake equation is; 

 

𝐹𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙 = 𝑘𝑑𝑥𝑑(𝑃) − 𝑑𝑑�̇�𝑑(𝑃)                                      (4-11) 

 

Figure 4-6 shows the simulation model of the whole hydraulic-mechanical brake 

system. The master cylinder was modeled by a constant pressure of 1.8 MPa. The power 

cylinder and the drum brakes of front and rear wheels were modeled by spring-mass-

damper model. The spring coefficient used was 𝑘 = 6.36 × 107𝑁/𝑚 and the viscous 

damping coefficient was 𝑑 = 9.81 × 102𝑁𝑠/𝑚. The wire connecting the link and rear 

drum brake was modeled also as a spring with coefficient of 𝑘 = 2.82 × 108𝑁/𝑚. 
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Figure 4-5 Bicycle model of hydraulic and mechanical brake system 

 

 

 

 

 

 

 

 

1: Brake Pedal 2: Master Cylinder 3: Front Brake Tube 4: Rear Brake Tube 5: Brake 

Hose 6: Wheel Cylinder 7: Power Cylinder 8: Link 9: Wire 10: Front Drum Brake 

11: Rear Drum Brake 
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Figure 4-6 Simulation model of hydraulic and mechanical brake system 

 

 

 

 

 

 

 

 

 

 

 

 

1: Master Cylinder 2: Low Pressure Source 3: In Valve 4: Out Valve 5: 

Front Drum Brake 6: Power Cylinder 7: Link 8: Wire 9: Rear Drum Brake 

10: Master Cylinder Line 11: Front Hydraulic Line 12: Rear Hydraulic 

Line 13: Front Brake Hose 



104 

 

4.4.2 Nonlinear dynamic equation of motion for braking condition 

Figure 4-7 shows the modification of force vector for the construction of basic motion 

equation. In this chapter, in order to study the skid control system, a cornering during 

braking is simulated. Thus, below are the equations of motion for longitude, lateral and 

yaw direction of the vehicle: 

𝑚(
𝑑𝑢

𝑑𝑡
− 𝜈𝛶) = ( −𝑋𝑓𝑟 − 𝑋𝑓𝑙) cos𝜃 + (−𝑌𝑓𝑟 − 𝑌𝑓𝑙) sin 𝜃 − 𝑋𝑟𝑟 − 𝑋𝑟𝑙 (4-12) 

𝑚(
𝑑𝜈

𝑑𝑡
+ 𝑢𝛶) = ( 𝑌𝑓𝑟 + 𝑌𝑓𝑙) cos 𝜃 + (−𝑋𝑓𝑟 − 𝑋𝑓𝑙) sin 𝜃 + 𝑌𝑟𝑟 + 𝑌𝑟𝑙 (4-13) 

𝐼
𝑑𝜔

𝑑𝑡
= 𝑙𝑓( 𝑌𝑓𝑟 𝑐𝑜𝑠 𝜃 + 𝑌𝑓𝑙 𝑐𝑜𝑠 𝜃 − 𝑋𝑓𝑟 𝑠𝑖𝑛 𝜃 − 𝑋𝑓𝑙 𝑠𝑖𝑛 𝜃) − 𝑙𝑟(𝑌𝑟𝑟 + 𝑌𝑟𝑙)  

+
𝑑𝑓
2
(−𝑋𝑓𝑟 𝑐𝑜𝑠 𝜃 + 𝑋𝑓𝑙 𝑐𝑜𝑠 𝜃 − 𝑌𝑓𝑟 𝑠𝑖𝑛 𝜃 + 𝑌𝑓𝑙 𝑠𝑖𝑛 𝜃)  

+
𝑑𝑟
2
(−𝑋𝑟𝑟 + 𝑋𝑟𝑙) (4-14) 

 

Where u, v donate the velocity of longitude, traverse axis, 𝛶 is the vehicle yaw rotational 

speed, Xfr, Xfl, Xrr, Xrl are the friction force while Yfr, Yfl, Yrr, Yrl are the lateral force for 

each front and rear tire and θ is the front steer angle. 
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Figure 4-7 Modification of Force Vector for braking 
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4.4.3 Nonlinear tire characteristic for braking condition 

The lateral force and the friction force between interacting surface of tire and road 

surface for braking are correlate with slip ratio, tire side slip angle and weight distribution 

is shown in the equations below. The model of deformation of tire tread rubber in the 

previous chapter was also used to calculate these equations. Moreover, during braking, 

due to inertia at the center gravity point, a weight distribution at the longitude and to the 

side of the vehicle is put into consideration. So the tire weight 𝑊𝑧 is already represented 

as weight distribution of each tire. The equations below were used to calculate the 

longitudinal lateral forces for braking condition; 

 

𝜉𝑝 = 1 −
𝐾𝑠
3𝜇𝑊𝑧

𝜆

1 − 𝜌
 

 

Where,  

𝜆 = √𝜌2 + (
𝐾𝛽

𝐾𝑠
)

2

tan2 𝛽𝑇 

𝐾𝑠 =
𝑏𝑙𝑇

2

2
𝐾𝑥     ,    𝐾𝛽 =

𝑏𝑙𝑇
2

2
𝐾𝑦 

 

When 𝜉𝜌 > 0, the contact surface comprises of adhesive and slip region. Thus, longitude 

force and lateral force can be written as; 

𝑋 = −
𝐾𝑠𝜌

1 − 𝜌
𝜉𝑝
2 − 6𝜇𝑊𝑧

𝜌

𝜆
(
1

6
−
1

2
𝜉𝑝

2 +
1

3
𝜉𝑝
3) (4-15) 

𝑌 = −
𝐾𝛽 tan 𝛽𝑇

1 − 𝜌
𝜉𝑝
2 − 6𝜇𝑊𝑧

𝐾𝛽 tan𝛽𝑇

𝐾𝑠𝜆
(
1

6
−
1

2
𝜉𝑝
2 +

1

3
𝜉𝑝
3)   (4-16) 

 

However, when 𝜉𝜌 ≤ 0, the contact surface only holds the slip region. Therefore, the 

longitude force and lateral force can be written as; 

𝑋 = −𝜇𝑊𝑧
𝜌

𝜆
 (4-17) 

𝑌 = −𝜇𝑊𝑧  
𝐾𝛽 tan𝛽𝑇

𝐾𝑠𝜆
 (4-18) 
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Where, b, l: width and length of interacted tire surface, 𝐾𝑥 , 𝐾𝑦: stiffness of vertical and 

horizontal axis of tire. In this research, b=10 cm, l=15 cm, 𝐾𝑥 = 3.33 × 10
7𝑁/𝑚3,𝐾𝑦 =

3.33 × 107𝑁/𝑚3 was set as constant. 
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4.4.4 Load transfer effect 

The tire friction force and the tire literal force changes with weight distribution. 

When there is a load transfer from rear tire to the front tire during braking, the sum of 

friction force for the front tire is much higher than the rear tire. This effect also implies 

during cornering where when there is a load transfer between the left and the right wheels, 

the sum of their lateral force will be lower than when load transfer is not considered. 

 

Figure 4-8 is used to explain the load transfer for braking of a vehicle. There is 

an inertial force F acting to the front of the vehicle from the center gravity during braking. 

At that moment, consider that the moment around the rear wheel is balance by the moment 

due to the load transfer acting on the front wheel, and balance that moment to the moment 

of inertia force acting on the center of gravity, so the load transfer for braking is equal to; 

 

𝑙 × ∆𝑊 = ℎ × 𝐹  

𝑙∆𝑊 = ℎ ×
𝑊

𝑔
𝑎 

∆𝑊𝑏𝑟𝑎𝑘𝑖𝑛𝑔 = W ∙
𝑎𝑋
𝑔
∙
ℎ

𝑙
 (4-19) 

 

The same principle is used to calculate the load transfer cause by cornering. From 

Figure 4-9, the inertia force is substitute with the centripetal force acting from the center 

gravity of the vehicle during cornering.  

∆𝑊𝑐𝑜𝑟𝑛𝑒𝑟𝑖𝑛𝑔 = W ∙
𝑎𝑌
𝑔
∙
ℎ

𝑑
 (4-20) 

 

In the simulation, if considering that the vehicle is in the condition of braking and 

turning to the left, the most weight will concentrate on the front right wheel and the least 

weight will be at the rear left wheel. As a conclusion of the load transfer, the weight 

distribution of the vehicle during cornering and braking are shown below. 

 

𝑊𝑓𝑟 = 𝑊𝑓𝑟 + ∆𝑊𝑏𝑟𝑎𝑘𝑖𝑛𝑔 + ∆𝑊𝑐𝑜𝑟𝑛𝑒𝑟𝑖𝑛𝑔  

𝑊𝑓𝑙 = 𝑊𝑓𝑙 + ∆𝑊𝑏𝑟𝑎𝑘𝑖𝑛𝑔 − ∆𝑊𝑐𝑜𝑟𝑛𝑒𝑟𝑖𝑛𝑔 
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𝑊𝑟𝑟 = 𝑊𝑟𝑟 − ∆𝑊𝑏𝑟𝑎𝑘𝑖𝑛𝑔 + ∆𝑊𝑐𝑜𝑟𝑛𝑒𝑟𝑖𝑛𝑔 

𝑊𝑟𝑙 = 𝑊𝑟𝑙 − ∆𝑊𝑏𝑟𝑎𝑘𝑖𝑛𝑔 − ∆𝑊𝑐𝑜𝑟𝑛𝑒𝑟𝑖𝑛𝑔       (4-21) 
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Figure 4-8 load transfer for braking 

 

 

 

 

Figure 4-9 load transfer for cornering 
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4.5 Regenerative Brake Coefficient 

As mention before, during braking the wheel’s momentum force the rotor to turn 

in opposite direction that leads to electrical load that makes up the braking effect on the 

vehicle. In order to precisely obtain those electrical loads means to dissect the in-wheel 

motor and examine the magnet strength itself, which is cost-inefficient and time 

consuming.  

 A simple experiment is proposed to determine the regenerative brake coefficient 

by comparing the experimental result of vehicle stopping time during braking with 

simulation result.  

 

4.5.1 Experimental methods for identifying the regenerative brake coefficient 

Toyota COMS EV was used as the experimental vehicle. The vehicle was driven 

in a straight line on a dry asphalt surface until it reaches a constant velocity. A lever on 

the braking pedal, as shown in Figure 4-10, was pulled for braking. The velocity of the 

vehicle, rotational speed of front and rear wheel, and the hydraulic braking pressure was 

recorded. Figure 4-11 shows the motor shift switch. When the motor shift switch is in 

‘driving’, the in-wheel motors are engaged and regenerative brake is available during 

braking. 

 

4.5.2 Simulation methods for verifying the regenerative brake coefficient 

The experimental conditions (velocity, brake pressure) of a straight line braking 

are duplicated in a numerical simulation. The stopping time result is then compared to the 

experimental result to obtain the approximate regenerative brake coefficient. 
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Figure 4-10 Brake lever and stopper 

 

 
Figure 4-11 Motor shift switch set to ‘drive’ 
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4.6 Effectiveness of Regenerative Brake Control as Skid Control System 

4.6.1 Simulation procedure 

In the objective to observe the effectiveness of regenerative brake control system 

for in-wheel small electric vehicle based on steer performance, three cases of braking 

condition on icy road were investigated using numerical simulation. The cases are as 

follows; 

 Case 1: braking on icy road without any skid control system  

 Case 2: braking on icy road with anti-lock brake system as a skid control system 

 Case 3: braking on icy road with anti-lock brake system and regenerative brake 

control 

In the simulation, the initial velocity was 14 [km/h] and the braking pressure was 

1.8 [MPa]. Steer angle was set to 20 [deg].  
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4.7 Result and Discussion 

4.7.1 Regenerative brake coefficient, C  

After succeeding in the finding of the tire stiffness value, the same procedures 

were used to determine the value of regenerative brake coefficient. Several road tests were 

done by driving the in-wheel small electric vehicle in straight line until it reached a 

constant speed of 30 km/h and then make a sudden braking with 1.5 MPa pressure. The 

only variance was that the motor shift switch was left in driving mode indicating 

regenerative brake is at presence. Figure 4-12 shows best experimental result of the 

deceleration of vehicle body and tire speed with a linear approximation line for braking 

pressure.  

The parameters from the experiment condition as shown below were used to 

reenact the straight line braking in a numerical simulation. 

Vehicle velocity = 30 km/h, 

Master cylinder pressure =1.54 MPa,  

Road condition = dry asphalt  

The value of the regenerative brake coefficient was determined by comparing 

the results of stopping time for the simulation and the experiment. From these procedures, 

when the regenerative brake coefficient value is set to 25 kg/s2, the stopping time of the 

simulation is similar to the experiment result. Figure 4-13 shows the simulation result of 

deceleration of vehicle body and tire speed. 
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Figure 4-12 Vehicle and tire speed deceleration based on experiment 

(U = 30 km/h, regenerative brake on) 

 
Figure 4-13 Vehicle and tire speed deceleration based on simulation  

(U = 30 km/h, regenerative brake on) 
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4.7.2 Effectiveness of regenerative brake control as skid control system 

Figure 4-14 shows the result of the longitude and lateral velocity while figure 4-15 

shows the trajectory of in-wheel small electric vehicle during braking on icy road for all 

three cases based on similar initial velocity, braking pressure and steer angle. The black, 

red and blue lines represent case 1, case 2 and case 3, respectively for both figures. In 

figure 4-14, the dash and continuous lines represent longitude and lateral velocity, 

respectively. Each case descriptions are as follow; 

 Case 1: braking on icy road without any skid control system  

 Case 2: braking on icy road with anti-lock brake system at the front wheel 

 Case 3: braking on icy road with anti-lock brake system and regenerative brake 

control 

The results for case 1 prove that braking on icy road for in-wheel small electric 

vehicle is dangerous. It took 22 [sec] for the vehicle to complete stop from initial velocity 

14 km/h. Based on the trajectory, the vehicle did not have any control even though 

steering input was applied. 

In case 2, anti-lock brake system was exclusively installed as a skid control system 

at the front wheels of the in-wheel small electric vehicle. The stopping time had improved 

about 11 [sec] compared to the stopping time of case 1. The trajectory during braking 

shows that vehicle complied with the steer angle. However, observing from the result of 

the velocity, the longitude velocity reached a stop sooner than the lateral velocity. These 

suggest that the vehicle was moving side-ways cause by drifting of rear wheels where the 

in-wheel motors are located. 

Figure 4-16 show the result of hydraulic brake force, while Figure 4-17 shows the 

results of slip ratio and friction coefficient for the front wheels during braking on ice in 

case 2. On the other hand, Figure 4-18 shows the result of regenerative brake and 

mechanical brake force, while Figure 4-19 shows the results of slip ratio and friction 

coefficient for the rear wheels during braking on ice in case 2. In the matter of front wheels, 

the ABS controls the brake force by releasing and regaining force based on the slip ratio 

value to produce a high friction coefficient. However, for the rear wheels, the regenerative 

brake force was initially high and decreased as the wheel stop rotating. The mechanical 

brake force is small but holds the wheel in lock condition. Due to this, the slip ratio was 

at high value that led to low friction coefficient. Thus, this gives out the early assumption 
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that the rear wheels were in slip condition. Even though the front wheels maintain traction 

during braking and steering, the cornering momentum and low traction of the rear wheels 

cause the vehicle to drift.  

In case 3, ABS control method was implemented on the regenerative brake 

produced by the in-wheel motor as a skid control system. During braking on ice, the 

regenerative brake control operated synchronously with anti-lock brake system. Based on 

velocity results in figure 6, the stopping time for case 3 is higher than case 2. However, 

the longitude and lateral velocity stop at the same time. Moreover, the trajectory of the 

in-wheel small electric vehicle for case 3 shows a tighter radius than case 2. 

Figure 4-20 show the result of hydraulic brake force of the front wheel and 

regenerative brake force from rear wheel during braking on ice in case 3. On the other 

hand, Figure 4-21 and Figure 4-22 shows the results of slip ratio and friction coefficient 

for the front and rear wheels during braking on ice in case 3, respectively. Even though 

regenerative brake adopted the same control method as anti-lock brake system, the 

braking force produced was not similar. In the event of ABS operational, the brake 

pressure from the master cylinder is constant. However, the regenerative brake force is 

proportional to the tire rotational speed. During alternating Off and On, the later value of 

regenerative brake force is lower than the previous brake force. Nonetheless, the braking 

force at a particular moment is sufficient to produce a high friction coefficient at the 

particular rotational speed. Consequently, the regenerative brake force will disappear 

when the wheel stop rotating and the mechanical brake will hold the wheel in place.  
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Figure 4-14 the longitude and lateral velocity 

 
Figure 4-15 the trajectory of in-wheel small electric vehicle 
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Figure 4-16 The hydraulic brake force during braking on ice road for case 2 

 
Figure 4-17 The slip ratio and friction coefficient for the front wheels during braking on 

ice road for case 2 
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Figure 4-18 The regenerative brake and mechanical brake force during braking on ice 

road for case 2 

 
Figure 4-19 The slip ratio and friction coefficient for the rear wheels during braking on 

ice road for case 2 
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Figure 4-21 The slip ratio and friction coefficient for the front wheel and rear wheels 

during braking on ice in case 3 

 
Figure 4-22 The slip ratio and friction coefficient for the rear wheel and rear wheels 

during braking on ice in case 3 
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4.8 Summary 

In this chapter, the regenerative brake control was developed as a substitute to 

anti-lock brake system for in-wheel small electric vehicle. In order to observe the 

effectiveness of regenerative brake control, we compared the braking effect of 

regenerative brake control with anti-lock brake system. The findings of the experiment 

and simulation results are as follows: 

1. Based on the comparison of experiment and simulation results, the regenerative 

brake coefficient value is 25 kg/s2 

2. During braking on an icy road, the regenerative brake can be controlled based 

on the slip ratio value to produce high friction coefficient. 

3. The regenerative brake adopted the same control method as anti-lock brake 

system, but the braking force produced was not similar.  

4. The regenerative brake force is proportional to the tire rotational speed.  

5. Nonetheless, the braking force at a particular moment is sufficient to produce 

a high friction coefficient at the particular rotational speed.  

6. Consequently, the regenerative brake force will disappear when the wheel stop 

rotating and the mechanical brake will hold the wheel in place. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



124 

 

 

 

 

 

 

Chapter 5 

 

Conclusions 
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In this research, to increase the mobility and stability of the small electric vehicles 

(EVs), a small electric vehicle with oversteer characteristic that is integrated with a four-

wheel drive and independent steering is developed. The outcome of this research has been 

written in 5 chapters and the summarization of each chapter is described as below. 

 Chapter 1 introduction 

Over the 20th century, increasing carbon dioxide emission by petroleum-based 

transportations is one of the main contributor to global warming. Moreover, escalation of 

global human population has put a pressure on the amount of carbon dioxide emission 

especially in developing countries rather than developed countries. A research paper from 

the National Academy of Sciences of the USA concluded that climate change that takes 

place due to the global warming is largely irreversible for 1,000 years even after emissions 

of carbon dioxide stop. This environmental issues by petroleum-based transportations 

along with the issue of fossil fuel depletion around the world have led activist and lobbyist 

to pressure automotive manufacturers to redesign future vehicles. 

Under the aspect of redesigning future vehicle, in the past few year car manufacturers 

have reintroduced hybrid electric vehicle (HEV) and full-electric vehicle (EV). Hybrid 

electric vehicle is a vehicle that incorporate a smaller and generate less emission fossil-

fuel engine with an electric powertrain. On the other hand, a fully-electric vehicle is an 

automobile that is propelled exclusively by one or more electric motors. Since electric 

vehicles do not have internal combustion engine, they don’t use any fuel and produce zero 

tail emission. This means that an electric vehicle benefits the environment more than a 

hybrid electric vehicle. 

Similar to telephones and computers, new devices which was once a huge and shared- 

item has gotten smaller, faster and cheaper. The shrinking and personalization of 

technological device phenomena does not limit to computer and telephone. They have 

also spread to automotive. Small electric vehicle meets the consumer demand as they are 

practical, efficient and affordable. Moreover, Government and car manufacturer have join 

together to promote small electric. The reason government support small electric vehicles 

is because they can be used to improve the lives of people in cities. The small size electric 

vehicle can ease traffic congestion, and improving access to tourist areas and communities 

in a city 

Mobility within a city such as Tokyo and Osaka along with its surrounding suburbs 
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can be difficult. The rapid development within a small concentrated area and high density 

population has led to construction of various narrow and complex roads. In order to drive 

in such roads mixed with vehicles and pedestrians, small electric vehicles nowadays have 

to face critical driving condition. For example, in the city when a small electric vehicle 

enters a narrow road and needs to reciprocate, due to space limitation the driver has to 

either advance until a turntable space is available or make an exit at a larger road. A small 

electric vehicle is also use to commute from a city to neighboring suburb. Without any 

lateral stability control system, maneuverability will become difficult in various cornering 

at various velocity. All of these situations are worsen when they occur on a slippery road 

surface during heavy rain or snow that would can be easily categories as a very dangerous 

state 

Thus, the main objective of this research is to improve the mobility and stability of 

small electric vehicle. Firstly, we increase the mobility by modelling a small electric 

vehicle with oversteer characteristic. Then, as a lateral stability control system, we 

implement yaw moment control by four-wheel drive and independent steering. Lastly, a 

regenerative brake control is utilized as a skid control system. 

Chapter 2 Modelling an In-Wheel Small Electric Vehicle with Oversteer Characteristic 

In this chapter, an in-wheel small electric vehicle is modelled with an oversteer 

characteristic in a numerical simulation. High cornering performance vehicle such as 

sport or racing cars have OS characteristic. They have high steer ability and response with 

low steer input. The down side of OS is that they have stability velocity limit. Due to in-

wheel motor, a small electric vehicle can have a ‘skateboard-shape’ chassis where the top 

of the chassis can be managed freely. Therefore, in order to model an oversteer 

characteristic of a small electric vehicle, we reposition the weight of the center of gravity 

to the more to the rear of the vehicle. 

The steering characteristic of the OS small electric vehicle was determined by 

performing steady state cornering test in regards to a constant front steer angle and at 

constant velocity. The end results show that the modelled OS vehicle has a stability 

velocity limit at 15.5 km/h. Nonetheless, the vehicle can achieve high yaw rotational 

speed at below this velocity even with small steer angle. However, as the velocity 

increases, the longer time it will take for the vehicle to achieve steady state cornering.  

Chapter 3 Yaw Moment Control by Four Wheel Drive and Independent Steering. 
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 In chapter 2, theoretically the mobility of a small electric vehicle has increased 

by modelling the vehicle with an oversteer characteristic. However, when the vehicle 

velocity is beyond the stability velocity limit the yaw rotational speed and side slip angle 

of the modelled small electric vehicle with oversteer characteristic reach infinite value. 

In this chapter, we introduced a yaw moment control by integrating a four-wheel drive 

and independent steering (4WDIS) as a lateral stability system of the vehicle. Until now, 

there are extensive study of 4WS as a yaw moment control. However, many of these past 

researches adopt easier way of modelling a lateral control system based on vehicle model 

with linear characteristics. Thus, the control method can be considered unsuitable. 

Firstly, to justify our claims, we connect a state observer unit that consist of a 

linear feedback control to a vehicle with nonlinear model. The control input of the state 

observer unit is fed forwarded to the vehicle. Two simulations of steady state cornering 

with regard to a constant front steer angle and at low and high velocity was performed. 

The results show that the output of the vehicle and state observer varies. In order to use 

the state observer’s linear feedback control on the vehicle with nonlinear model, the error 

between outputs of both model has to be resolves. The estimated output of the state 

observer unit and the measured output of the vehicle nonlinear model are compared and 

multiplied by high gain H which is then fed back to the linear model to produce a rectified 

control input. Then, the rectified control input is send to the vehicle.  

Lastly, the steering characteristic of the OS small electric vehicle integrated with 

4WDIS was determined by performing steady state cornering test in regards to a constant 

front steer angle and at constant velocity. The results were compared with the 2WD OS 

small electric vehicle from chapter 2. We found that the 4WDIS eliminates the stability 

velocity limit of the modelled OS small electric vehicle. The yaw moment control system 

does not only maintain stability at high speed, but also increase mobility at low speed. 

Furthermore, the system utilized opposite steering at low speed and parallel steering at 

high speed. 

Chapter 4 Regenerative Brake Control as Skid Control System 

Even though we have achieved in increasing the mobility and steering performance 

of the small electric vehicle, the system is faulty if traction can’t be managed. In this 

chapter, based on the characteristics of in-wheel motor, which are fast torque response 

and easiness in obtaining an accurate torque feedback, the regenerative brake timing 



128 

 

control was developed as a substitute to an anti-lock brake system. The ABS controls the 

slip ratio of the tire so that friction coefficient can be maximized. In case of regenerative 

brake control, if the slip ratio is greater than the optimum value, the regenerative brake 

turns off and the current produced is transferred to charge the battery. However, if the slip 

ratio is smaller than the minimum value, the regenerative brake is restored to regain the 

ideal brake force.  

Two cases of braking condition on icy road were investigated to observe the 

effectiveness of regenerative brake control using numerical simulation. The cases are as 

follows; 

Case 1: braking on icy road with ABS only 

Case 2: Braking on icy road with ABS and regenerative brake control 

From the simulation results, the regenerative brake adopted the same control method 

as anti-lock brake system, but the braking force produced was not similar. The 

regenerative brake force is proportional to the tire rotational speed. Nonetheless, the 

braking force at a particular moment is sufficient to produce a high friction coefficient at 

the particular rotational speed. Consequently, the regenerative brake force will disappear 

when the wheel stop rotating and the mechanical brake will hold the wheel in place. 

Chapter 5 Conclusions 

In this research, a small electric vehicle with oversteer characteristic that is integrated 

with a four-wheel drive and independent steering is developed to increase the mobility 

and stability of the small electric vehicles (EVs). Several findings on this study can be 

concluded as below: 

1. The modelled OS vehicle has a stability velocity limit at 15.5 km/h. Nonetheless, the 

vehicle can achieve high yaw rotational speed at below this velocity even with small 

steer angle. 

2. In order to use the state observer’s linear feedback control on the vehicle with 

nonlinear model, the error between outputs of both model has to be resolves by 

eliminating the error between state observer unit and vehicle model 

3. The 4WDIS eliminates the stability velocity limit of the modelled OS small electric 

vehicle. The yaw moment control system by 4WDIS maintain stability at high speed 

and increased mobility at low speed in which opposite steering and parallel steering 

were utilized. 
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4. The regenerative brake was able to adopt the same control method as anti-lock brake 

system and was effective as a skid control system. 
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