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Abstract

The classification of the N=2 superconformal field theory is reviewed. The
Kac determinant formula is used to determine all the unitary representations. The
characters are expressed by the string functions and the theta functions of the SU(2)
Kac-Moody algebra and their modular transformations are shown. The classifica-
tion of the modular invariant partition functions of the minimal models are repre-
sented. Finally an application to the string compactification by tensoring the mini-
mal theories is briefly reviewed.
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§ 1. Introduction

Since the proposal of the conformal field theory [17, the extensive investigations
were accomplished. The unitary representation of the Virasoro algebra, which is
a central extention of the commutation relation of the stress-energy tensor were
determined by Friedan-Qiu-Shenker [2] and reconstructed by the coset space con-
struction for 0<c¢<1 (where ¢ is the value of the central charge) by Goddard-Kent-
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Olive [3]. Cardy has observed that it is important to study the modular invariance
of the partition function on the torus to classify the conformal field theories [4].
The method is also applicable to the extended algebras, among which the represen-
tation theory of the Wess-Zumino-Witten models were investigated by Gepner—
Witten [5]. The complete classifications of the SU(2) Kac-Moody algebra and of
the Virasoro algebra for the 0<c¢<1 cases were realized in refs. [6,7, 8] recently,
which correspond to the classification of Lie algebras A—D—E. For the c=1 case,
the theory is that of a free boson compactified on a circle, ¢:.S'—=C, or an orbifold
S'/Z;. The plausibly complete classification of this case were now available [97.

The N=1 superconformal algebra has been also extensively studied. The repre-
sentations were determined in ref. [10] and the character formula were derived in
ref. [11] for the case of 0<c¢< -‘g— The A— D — E classification was almost completed
by A. Cappell [12]. For the c=-23 case almost complete classifications are presented
[13] by means of the same method as ref. [9].

In this paper we concentrate on the review of the N=2 superconformal field
theory. N=2 superconformal algebra has applications to critical statistical systems
in two-dimensions. It also arises in the compactifications of heterotic superstring.
Knowledge about the unitary representations of the N=2 superconformal algebra
provides us with some nonperturbative tools that may be used to gain insight in
the physics.

The superconformal transformation in N=2 suparspace (z, ', 6?) is defined by

dz—e(2) —Bini(2), (1.1a)
5¢9i=—;~0i3zs(z) F () +i0mI(2)040t + 11035 (2), (1.1b)

where 6% is the Grassmann variable and the conformal, supergauge and conformal
O(2) transformations are parametrized by £(2), 7i(2) and &(2), respectively. Tt is
convenient to use radial variable 2 in stead of r,¢ which characterize the two-dime-
nsional world sheet, The mapping is given as follows

(Inz, 273 01, 273 §2) «—— (v +io, 81, 62), (1.2)

where 7 is a time coordinate and ¢ is a space one (0<o< 7). z=exp(r+io) is called
the cylinder variable. We can obtain N=2 superconformal algebra from the trans-
formation (1.1) (see §2).

The importance of the N=2 supersymmeatry on the world sheet was pointed out
in the context of the string compactifications, in which four-dimensional space-time
supersymmetry is preserved [31]. The most significant application of the N=2
superconformal structure to the compactifications of the heterotic string will be
discussed in §8.

In §3, §4, §5 we described the unitary rapresentations and discussed the cha-
racter formula. Kac—determinant formula for the N=2 algebra was derived and the
whole unitary representations are determined in ref. [14]. It plays an important
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role of unitary representations. The explicit unitarity representations for the case
1<e¢< 3 are constructed by means of the coset construction SU(2)xU(1)/U(1) in
ref. [15]. The character formula were derived explicitly in ref. [16] by means of
Rocha-Caridi method [17]. But the formula sesn to be too complicated to apply
them to study the properties in modular transformations. The character formula in
terms of the theta functions and string functions of SU(2) Kac-Moody algebra has
been derived more physically by using the parafermions originally proposed by
Zamolodchikov and Fateev [18].

In §6, §7 we classified the modular invariant partition functions. Modular
invariant quantities are constructed from the characters of the representation invo-
Ived. In fact, the partition function is written in terms of the characters with the
non-negative integer multiplicities. The structure of the multiplicities agree with
the structure of Lie algebras A—D—FE. Gepner and Qiu have construcied the
modular invariant partition functions and have completed the A— D — E classifica-
tion of Z; parafermionic theories. By applying the parafermion theory, the minimal
theories of the N=2 superconformal algebra were also completely classified in ref.
[207 for the A and P algebra. For the case of T algebra, though the extensive
investigations are available, but we only mention on the relations between the twi-
sted N=2 algebra and the twisted SU(2) Kac-Moody algebra recently observed in
refs, [22, 23].

There are many completely sclvable, extended conformal field theories, not
mentioned in this article [23, 24, 25, 26, 27], For the review of tha present status on
the classifications of conformal field theories, ses refs. [29, 301,

We will shortly review on the method to construct the exactly solvable string
compactifications proposed by Gepner [20, 32]. In appendix A, we have demonst-
rated the derivations of Kac determinant formula by Kato and Matsuda [14]. In
appendix B the parafermionic construction of character formula following Qiu and
Gepner [20].

§ 2. The N=2 Superconformal Algebra

The N =2 superconformal algebra is generated by the stress—energy tensor 7(z),
two super partners Gi(z), (i=1,2) and U(1) Kac-Moody algebra J(z) with scale
dimensions h=2 3/2 3/2 and 1 respectively. Their operator product expansions

(OPF) are:

C
3 27T (w T .
TETC)~ 2+ (e T g g TReE (218)
T(z)J(w)N,,,,(.ZJ(_”‘gjé -jh,,,ilg'z;’g Lreg., (2.1h)

Vol. XXV, 1930 — 41 —



T.T. FUJISHIRO and M. ]J. HAYASHI

¢
J(z)J(w)ﬂvﬁ treg., (2.1¢)
T(2)GHw) ~ (z_2w>2 + 292 +reg., (2.1d)
J(2)GHaw)y~isti T reg (2.1e)
2
(2.11)
T(2),G¥z) and J(z) are Laurant expanded as:
T(z)=2 L2 (2.2a)
Gi(z)= S Giz ™" (2.2b)
J(2)= % Jz (2.2¢)
And the N=2 algebra is derived by inserting (2.2) into (2.1):
[Lm, Ln]=Cm—n) Lmyn+5(m*—=m)dmane, (2.3a)
[Lm, Jn]=—1Jmyn, (2.3b)
[T, I =g 70y (2.3¢)
[Lm, Gil=Cg =) Ghuen, (2.3d)
(Jm, Gl =19Ghpn, (2.3e)
(Gh, G} =204 Linn+it9 (m—n) Jmon -5 (m* = £)813mns0 (2.36)
All of the generators satisfy the hermiticity conditions of the form:
Al =A_,, (2. 4)

which follow from the reality of the super stress—energy tensor.

The three types of the N=2 superalgebra are given by three modings of the
supersymmetry generators, corresponding to the three ways of choosing boundary
conditions on the cylinder, i. e.,

A sector:

Gi (ze2n72> = _G’L(z>’ <l=1, 2)5
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P sector:
Gi(ze>*) =Gi(2), (i=1, 2),
T sector:
G (ze?t) = £ G (2,
G2(ze?=t) = FG2(2). (2.5)

The L,’s always integrally moded, because the bosonic stress—energy tensor is al-
ways periodic on the cylinder. The A (for anti-periodic) algebra has integer modes
for J,, but half integer modes for Gi. The P (for periodic) algebra has integer modes
for J, and Gi,. The T (for twisted) algebra has integer modes for Gk, but half
integer modes for J, and G%. Furthermore P sector splits into two subsectors P,
by the specification of the vacuum. The zero modes are Lo, Jo and G, in the P
algebra. There are two kinds of the highest weight vector (hwv) |h,q3F%> with
energy Lo=h and charge Jozqqil. Each satisfies an additional highest weight

2
condition with respect to the charge,

(G +iG)

h,q$%>:}:=0. (2.6)

These two representations P= are isomorphic under conjugation,
Jn—> =, Gh—>—Gh (2.7)

For the A algebra the zero modes are Ly and J,, so a hwv | £, ¢ is characterized
by its energy (Lo eigenvalue) A and charge (J, eigenvalue) g.

Using these charges we can define the character x4 7* on the torus as:

g APz 2) = Tr(gh = yl), (2.8)

where g=exp(27it), ¥=exp(2riz), with r,2€C; Im >0 (¢ is the modular para-
meter for the torus and 2z measures the [U(1) charge) and the universal Casimir

energy factor qvi is included [4].

For the T algebra the zero modes are L,and Gi. A hwv |A) is characterized by
its energy h. Each level n (see the next section) splits into two equal subspaces
of fermion parity (—1)F=+1, where (—1)% is the operator which commutes with
Ln and Ju, but anticommutes with G, and

(=D)F[hy=1h). (2.9)

The character is defined as:

A7 () =Tr(g" ). (2.10)
§ 3. The Unitary Representations

When one determines the unitary representations of the N=2 super algebras
and calculates the characters, the Kac determinant formula plays essential roles to
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treat the null states of the Verma module. They are polynomial expressions in ¢,
h and ¢ for the determinant of the matrices of the inner products of a basis of
ordered monomials for given eigenspace (up to a basis dependent positive constant).
The vanishing surfaces, or curves of the determinant formula describe the Verma
modules which contain null vectors. The Verma modules of all three algebras can
be decomposed into eigenspaces of Ly, called levels. Level n is the eigenspace with
L, eigenvalue h+n.

For the A algebra each level of the Verma module can be further decomposed
into J, eigenspaces with eigenvalue g+m, where m is called the relative charge.
The counting of states is summarized by the partition function Pa(n,m) defind by

wym_ 1] A +xF YA +ak—iy—1)
n% Py(n,m)zrym= ’El (1= zhy? . (3.1)

For the P algebra, again, each level n is decomposed by relative charge i,
with partition function Pp(n, m)

© k k-1
0 Grr)Ciry ., (3.2)

> Pp(n,m)zrym™=(yt +y 1)
We also need partition functions Pa,p in the presence of single charged fermions:
= PA,p(n, m B xrym=(1+xlklysenl) -1 33 P, p(n, m)xrym. (3.3)
where sgn(k)=1 for £>0, sgn(k)=—1 for 2<0 and sgn(0)==+1 for the representa-
tion P=.

For the T algebra, the partition function Pr for each fermion parity is

e 11 (L a®) (L aht
3 Pr(mzn= 1 (1_%3%1_;_5 ' (3.4

For the A and P algebras, let MZ, and M, be the inner product matrices for
level n and relative charge m. The Kac determinant formula for the A algebra

is:
s -~
det Mi..(c. h, q) = i (fgx>pA<"—T,m) I (@) Paln—Iklm—sgn(k)k)
1<rs<2m, 5; €EVEN keZ+3

(3.5)

where

4 —orf _ 2 L€ 932 1-c_ 2 .
fr,s(C,h,Q)—2<3 Dh—q 13 1)+4[(3 Dr+s1?, (s; even), (3.6a)

g, h, q):2/’2—2kq~|—(—g——l)(/e2-——}l—), (keZJr%). (3.6b)

For the P algebra,

det MZ (¢, h, q) = I (f:js)PPW"%'m) I1  (gF)Prin—Ikl m—sgnlk)ik)
1<rs<2n,5; even kEZ
3.7
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where
Fraleh =205 =D (h=5 ) =g+ [(§ ~Dr+sP, (ieven),  (3.8a)

gie, h, q):211.—2kq+(%—1)(k2—%)—-%, (ke Z). (3.8b)
For the T algebra, let MZ, be the matrix of inner products for the level 7 and
fermion parity (—1)F=+1. On level 0 the determinant formulae are:

det M? ,=1, det MT ,=h-— <,
e i de _ ) 54

For n>>0,
Prin) 75
det MT (e, )= (h—-50y 2 e (3.9
24 1<ys<2n,s; odd
where
T —2cf _ SNy L€ N2 s
Fale, =205 =D =L+ e —Dr T, Grodd. 10

The full unitary representations of the three classes of the N=2 superconformal
algebra was conjectured by Boucher, Friedan and Kent [14] and proved in [14, 15].
(see Appendix A).

For the A algebra, the unitary repesentations fall into three classes:

As:c>3, (¢, n, g) such that szo for all nEZJrL,

Ag:c23,(c, h,q) such that g2=0, gfﬁgn(n><0, ffl220, for some HEZ"%“%,
. 1
k=) -
" P A R SR & bt D)
Ao 03, c=30 m D> hie= m ONRT g

for integer m>2 and j,kEZ—F%, 0<g,b,j+k<m—1.

For the P algebra, the unitary representations (with sgn(0)=+1) are

P::c=3,(c,h,¢) such that g£ >0 for all nEZ,

Piic>3,(c,h,q) such that £ =0, ¢ ,1,,<0, 7,20 for some n€Z,

Qhr—x (-

. _ 2 L€k _
Pi:c<3, CAB(l_iﬁl_)’ h]k— Hy T Ik 7

24 ' m’

for integer m>2 and j, bk€Z, 0<j—1,k,j+Ah=<m—1.
For the T algebra, the unitary representations are

, C
Fg'. 623,112§

4 B 2 _ ¢, (m=2r3
To: c<3, ¢=3(1 ﬂT>’ hiy = 24 T 16m
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for integers m, r such that m>2 and 19@%.

§ 4. The Character Formula for the ¢<3 Discrete Series

Now we will derive the character formula for the ¢ <3 discrete series in terms
of the unitary representations of the afthne SU(2) algebra with generators J;, follo-
wing the method of coset space construction of Goddard, Kent and Olive [3]. The
coset structure of the N =2 discrete series is known as SU(2) xU(1)/U (1), which
shows the apparent relationship between the N=2 discrete series and the unitary
representations of afine Kac-Moody algebra SU(2).

The N=2 supereconformal characters are explicitly calculated by Dobrev and
Matsuo [16] by using the Kac determinant formula (¢ <3) to apply to write down
the embedding relations of Verma modules of singular vectors derived by Rocha-
Caridi [17].

For the A and P=* sectors the character formulae are read as follows:

Ay (e, ) =pale, D@ Ry TP (7, 2), 4.1)
P oyhn P ) =gr(e, gy vy TP (2, 2), (4.2)
where
1 n7—z)(] H—g
par,2) = [ AEHE DALY g7 D), (4.3
= ] 7y (1 1,7
pr(e,2)=(yt +y=n [l LHVEDAAYZT), (4. 4)
and
Y yﬁlanJrj qun+k
Ieoge, z)— an2+(J+k)n [1— 1+ y—ighn+i — 1+qun+k:|
i 2 — (it B YygMn—j Y-lgMn—k
_ngquz Grim 1 l+?/an*j - 1+y—qlan—k:l
i (1= Mt My(1— gMr—jk) (1 g Mny?
,..n=! (1+qun—j)(]__|_y—1an+j—M)(1+yflan~k)(1_}_qun+k—M)'

(4.5)

The last result is due to Matsuo.
For the T sector, the embedding pattern, is now the same as that of conformal
algebra (N=0). The character formula is given:

(PO ()=pr(gh o), (4.6)
where
1+q%
er(c)y=1I > (4.7a)
n=] 1 q -
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~ > Mn?+ nl M—2¢)
Feogy= 8 (=Drg™ 5

n—y

kL Mn M Mn
::Efl—q”2)<1~q ) (l—g—

M-y

2 ). (4.-7b)
Thus the characters of N=2 superconformal algebra are expressed in one infinite
product forms, which fact distinguishes from those of conformal or N=1 supercon-
formal algebra. However these characters seem too complicated to derive their

modular group properties.

It is shown recently that the N=2 superconformal characters for the A and P*
algebras can be written in terms of the string functions and the theta functions
associated with affine SU{(2) Kac-Moody algebra [20]. It is convenient to work on
using the quantum numbers (/,m) corresponding to the expressions obtained in the
coset space construction [20] for the A and P* sectors:

A:l=j+k—1, m=j—Fk,
Pril=j+k-1, m==x(j—k-1),
where /—m=0 (mod 2) and 0</<p with M=p+2. Correspondingly the replace-
ment is implied as:
h§ —— hil,
Sk) A Q(l;r)ty
and

g (M sn (D7
/(S'h" ’ — [(t;[i]n )5

where 2=0, (or ¢%) for the A (or P+*) aglebra. Now the central charge, the

conformal weight and UJ(1) charge are given as:

312
c=3(1 sio )
oo L0+2) A2 (m—22)%
W= yipsoy T o T ap Loy (4.8)
ay_ m+%£
T pt2
where% and % are the isospin and the third isospin component in the level p

SU(2) Kac-Moody algebra respectively and 4 is a U(2) charge [19, 20, 16].
The character formula shown in eqgs. (4.1) and (4.2) are rewritten in terms of
the string functions and the theta functions as:

»
P (t,2)y= 2 C(['fim(7)@m’(p+2)—mp+21p,p(p—:—2)[%’ p—%]’ (4.9)

m=—p+1
where the classical theta functions @n,r are defined by

Our(t,2)= X exp[2rik(tn?t—nz)]
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= 3 gkrty-kn (4.10a)
nez+—2”—;A
and ¢”,(7) are the string functions of the affine SU(2) algebra which are Hecke
modular forms [19, 397,
cn(t)=7(c)3 2 sgn(x)qlo+D==n2l, (4.10b)
— x| <y<|x]
) or =3+ ( oty )+ 22
where 7{7) is the Dedekind’s »—function defined later.
First we derive the formula in the case of the A algebra. Applying Jacobi
triple product identity
5 vrgm= T (=g (1+yg>)(1-+y 7 g™ D), (4.11)
=1

nel
to (4.1) we obtain,

Yo (e 2y T AEY DAY aie 20 Pl (2 2

n=1 (l_qn>2
_ P | p=2D2 = (] gMa+jth—MY) (1 —gMr—i-k
=g 24 8(p+2) =1( q = qung ) (4.12)
M=1 r z
X W01z (5 7 )
where 1?2} is understood to exclude 7_:/2]2;1 and r:M—v?;k;i. Using the

multiplication formula of theta functions for A >4[39]

k4R
@m,k(f, ZDQm’k’@-, Z) = 121 @mk’—771’k+2!kk’.kk’(k+k’)(T, 0>@m+m' +21%, k4 k/(‘-a z)s

(4. 13)
we obtain
I
(:p 0) — o ’ . " /T _‘z_*
(7,2)= M’=2—p+1617“( )6, (p+2) mp,p(piZ)l: 27 pLB :I, (4. 14)
where we have switched (7, £) to (/,m) and
. 797@:}‘,“177)4;(15,;?1)2’ = (1 q(p+2)n11 p_l))(]_ q(p(Z)n l~1)
cin(T)g T T s(pr2) T A=
X 2 H 6 b, ). 66 Dip 2)(7, 0), (4.15)

{rs}

(ra} ={ralra=0,1,-,a, a=1,,p—1 with S ara=" 5ty mod p),

n(b, p)= é Ma—bmy 1 +2(p+2) Eb ara,

{ma}:{p—l—l——ZrIr: -, p+1 excluding [+2m and p+1— Z“Z”i}
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For M=3, (p=1)

p{c)"Y, for J—m mod 2;

&)= { (4.16)

0, otherwise,

where 7(2)is the Dedekind’s n-function
p()=gw 1 (1-gm),

which is a modular form of weight 1/2.
Comparing with the explicit formulae of Kac—Peterson [39] for ¢i%, one can

check that
cih=cih, (4.-17)

for lower value of p. The general validity of this formula (4.9) are conjectured in
ref. [197 by means of different context. The characters satisfy the relations that

are useful later:

1 =0 e = 1R a2y
¥ (e, =) =i Pie, —2), (4.18)
and
500,

whenever /—m=+0 mod 2.

Constructing the unitary highest weight representations of N=2 algebra by
combining the parafermionic Z, symmetric conformal field theory [18,19] and a free
massless boson system without interactions, the character formulae are obtained
more physically [207.

§ 5. The Transformation Laws of the Characters of the
A and P Algebras under the Modular Group

In this section we will investigate the modular transformations of the characters
of A and P algebras. For the twisted algebra T we will show only the character
coincidence between T and SU(2) Kac-Moody algebra in §7.

The modular transformations on the torus are given by

':%(Cl:‘_-ig, ad—bc=1 and a,b,c,d=EZ, (5.1a)

which is generated by
T:7—»>7+1,

4
A [»-‘

(5.1b)
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The transformation laws of the string functions are determined from those of
the affine SU(2) characters [19]

Xl,k(f, z)_ 2 C(’c)(7>@m,k(f, 2’)

_ @z+1,k+2— O 1-1,k+2
01,2—60_1,2 ’ -2

and those of the symmetry properties as

Ck & k 2
sz) Cg 73;+ kZ—C( 2m—c(—)zk -
o=,
if 7—m=0, mod 2,
Om. =0 m+ 202, b (5.3)

They are derived as follows [20]

H+2) _m? ¢
P+ 1) == aginy ~ ay5) (P(1),

(Z))( —) (_lf) 52 E Sl Z’T(p) ’C(p>m <T>: (5 4)
m'==pi1
where
W _ l,i iz’
7m,m’ '\/er € p >
- 2 o w(+1)+1)
S \/p+2 sin ) . (5.5)

Then by combining the above transformation formulae with those of theta func-
tions,

a2
T O, (s +1,2) =€ 2 Omoi(7, %),

. __l., z < _ -—inlm
S'@m’k( ¥t 2/32?) JZk—( i)t lmogdjzke #Oum(e,z 0, (5.6)

we can obtain the modular transformation formula for the characters under 7" and
S. If we define the twisted (or projected) characters by,

1=Tr[(—1)7 g% ], (5.7)

then the explicit formula is given as:

1
~ 2+

N RO m____ ¢ 2 T s

1589z, 2) =% (a5 Wp+Z) 5 X P Opripezy—mp,p(p2) { 5 2‘}
mr==ptl p+2

(5.8

where O denotes the twisted state of the A algebra. Now we can show the modular

transformations of characters under 7,
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(B0 1, 2) =20 (z, 2),
. TR
1 B0 (e 1, 2) = 5e) 180 (e, 2, (5.9)
D ,
£ 4D (241, 2) = =55 ) 2 (2 ),

While under S,

D p+2

b2 0
Ey=efyiz 3 XN SpTer®, 71? m), (7,2),

1'=0 m'=~p-1 e

(p. 0) (—

Btz

0 P e
Z§£10)( 0)—62”[}’ C] 2= Y SpT??, 1/5? ié)<_>0>’ (5.10)

—m,m’
m'=-—-p—1

e

+ 1 LI (pe2 —oiz[ (0, - .C o
lm %)(__ ): 1'2=0 S”/ ’I(—p(mil),m’e l[ Hom ] 7%?7”’)(7’ 0)

-1

1

Setting z=0, it is clear that a set of characters %" with 2=0, O,—é*(or——é-) carries

the unitary representation of the modular group and can be understood as different
spin structures transforming into each other [34].

§ 6. The A-D-E Classfications of the N=2 Superconformal Theory

Modular invariant partition functions of N=2 superconformal field theories on
a torus are obtained by summing over different structures with the Neveu-Schwarz
(NS) and Ramond(R) algebras, which are specified by antiperiodic and periodic
boundary conditions on the supercurrent on a cylinder.

The partition function can be given by,

Z:%!Trql‘of'zcﬂz+—§“]Tr(—1)FqL°“2C4‘l2

— S [Zns(2) + ZRS() ]+ L Zr() +1ZR()], .1

where Z5% and Zg are the NS and R sectors respectively, twisted by the fermion
parity operator (—1)F+F. In the R sector one can choose either fermion number

even (y=+1) or odd (y=—1) projection. Since the R states are twofold degenerate
c

y
with respect to (—1)F except the lowest state &{Z’ﬂ

), the cancellation between
degenerate states yields

Zfe:Tr[R](—l)F*F. (6.2)

Using the infinite product representation of the character y%"(r,2), an identity is
found in the R sector as:

l(f;t P :51111’ <6 3)

where the conformal weight is given
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hp b= € 6.4
for /=0,1,---,p. This is the consequnce of the supersymmetric pairing in the R-
excited states. The unpaired lowest energy states with h=§% survive the cancella-

tion, yielding a constant. This is the Witten index in the R sector (P¥ sector)[32].
The partition function is now written in terms of the characters [20],
pt2

i
— i P
H= B s 1ty B tiy (1 P ) oy~ P ™,
6 5)

where N,m i EL,.

Now we are ready to classify the modular invariant partition functions.
Invariance under 7T lead to the conditions:

hEL —hELeZ, b, —h el

L
and
N = NGO, (6.6)
The invariance under S implies:
NP b =S0eSEp TS5 TE DN, i » (6.72)
NS 5o =SurSTETERD, T2 | 2 KON® - (5.71)

where the summation over /,[,m,m are implicitly understood. The solutions of
these equations provide the classification of the N=2 superconformal field theories.
There is a factorization of the superconformal characters into three natural pieces,
as observed by Gepner. The transformation of the character x{% contains / piece
which is just an affine A{" transformation, a m piece which is a level p+2 theta
function system, and 2 piece which is a level 2 theta function. Then a modular

invariant solution for the N=2 system will be given by,
N§o 7 =N, TQum, mS, 2. (6.8)
Then all the modular invariant solutions can be written as:
NO . r5=N1Qm, =,
N i a=NiiQm-1,7-1. (6.9
The N7 describes modular invariant in the level p SU(2) WZW models [5, 6, 7],

13

Zhzw(t)= 3 = NS (o)*(o), (6.10)

which are classified by simply laced Lie algebras G with Coxester number p+2 [8],
and 7’s are SU(2) characters given as:
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n(D= 2 ch(DIOma(o). (6.11)

The symmetry properties are given:

[ Y A L . —I
Cm—C—m46m+2va£—m,

NG =NS,, (6.12)

The complete system of invariants for the theta system is shown in ref. [197. The
partition function is given by,

Zp+2=l77|_2 E) Qm,ﬁz @m,p+2 @%.pﬂLZ- (6 13)

. m

Suppose that @ and § are two integers such that a8=p+2. Then every such pair
(a, B) corresponds to a unique solution at level p+2, denoted by Q=% We have
then,

Qm m 2 2 5m, ax+ 5y 5;55,axfﬁy- (6 14)

xEZZ,i 3 ¥€Zsa

For example the diagonal solution (Ising model) is (1, p+2) solution, which exists
for any level. Now we complete the classification of the modular invariant parti-
tion functions for a minimal theory of the A, and P# algebra among the N=2
superconformal field theories, since any such invariants is composed out of an A
invariant [8] and two theta function invariants [197.

Finally the Witten index is evaluated by S. K. Yang [22],
Trig)( —1)F+F=rank of G, (6.15)

indicating the (2,2) supersymmetry unbroken in the unitary minimal series [14, 317.

§ 7. A Connection between the Twisted N=2 Superconformal
and SU(2) Kac-Moody Algebras

Recently Rittenberg and Schwimmer have shown that there is a one—to-one
correspondence between the unitary highest weight representations of the (twisted)
SU(2) Kac-Moody algebra and the discrete series of unitary representations of the
twisted N=2 superconformal algebra.

The twisted Kac-Moody algebra is defined :

[J;, Jm] lvap, n+m+k0 ’H}lanwn 0s (7 1)

where for Ji, J3, HEZ+— and for Ji, neZ. This algebra is isomorphic to the usual
(untwisted) SU(2) algebra, generated by S; with n€Z for a=1,23:

Sy=Jz s Si=Jit ki (7.2)

nti

A Virasoro algebra is constructed by the Sugawara form.:
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Li=-1 S} el (7.3)

where the indices take the values specified above and the normal ordering: puts
operators with positive indices to the right. Through the isomorphism (7.2) L
can be expressed as

Li=Li-5Si+5#k, (7.4)
where
Ln 2k+2 azm S;+m -7 e (7‘ 5)
A unitary representation of the S-algebra is chracterized by a value % and a highest
weight =0, L, -, k. Through (7.4) and (7.5) this produces a reducible repre-
sentation of the L7 Virasoro algebra with central charge
__ 3k -2
C——k+2 =3(1 o Y, (7.6)
and the highest weight
(m—2r)2
hk,[ W +-2“21*, (7 7)
where
m=2k+2, r=2I+1, 1<r<m-—1, (7.8)

Both L; and L; are physically different, since L§ commutes with all the generators
Sr while L commutes only with Si. The twisted N=2 superconformal algebra has
been shown at §2 and §3. Comparing (3.9) with (7,6), (7.7), we notice that
there is a one-to-one correspondence between the representations 7 and the unitary
highest weight representations of the affine SU(2) algebra.

Now we will show the correspondence more precisely by calculating the char-
acters of the representations. For the SU(2) Kac-Moody algebra, the character is
given by:

xk:I(Z)ETr[zLBI:]’ (7 9)

where L; is given by (7.4). Using the Weyl-Kac formula the explicit form of the
character has been given in ref. [5]:

x(=) =2 " M(2) ¢k, 1(2), (7.10)
where
M(z)= T (-2t —2m-57, (7.1
or(R)= S [zm”2+ (r—%)n__zmn2+n(r+%)+%:[, (7.12)
— 54 — Proceedings of the Faculty

of Science, TOKAI University



Review of the N=2 Superconformal Field Theory

and Ag,r, m and r are given by (7.7),(7.8). The character formula for the 7%,
series has been shown (4.6),(4.7a,b) at §4. It is easy to show that ¢r=2M,1,
'™ =op,; and therefore the character coincidence between the twisted N=2 super-
conformal and SU(2) Kac-Moody algebras is proved [22,23],1i.e.,

Xk,I<Z>=Zm,r<Z)- (7 13)

Thus the corresponding representations can be realized on the same Hilbert space
originated from the same Virasoro algebra. As a consequence the generators of one
algebra can be expressed in terms of the generators of the other algebra, whose
connections though depend on the representations. Thus it is not clear if the uni-
tary representations of the N=2 superconformal algebra belong to the class 7% can
be mapped into some class of SU(2) representations.

§ 8. String Compactification

The construction of the heterotic string compactifications out of tensor product
of ¢< 3 minimal models seems one of the most interesting applications of the N=2
superconformal field theory [20,32]. The importance of preserving N=1 space-time
supersymmetry in a classical superstring ground state has been emphasized by many
authors, because it seems to be the only probability of solving the hierarchy prob-
lem in a theory. It has been shown that a necessary and sufficient criterion is the
existence of an N=2 superconformal symmetry on the two-dimensional world sheet,
with a charge quantization condition on the U(1) current in this algebra [31].

The N=2 superconformal algebra admit a generalization in which G* and G~
have twisted boundary conditions by opposite phases, where G* are defined as G*

:.715,(@&1'(;2) in eq. (2.2b),i.e.,

Gi(eriz) ~UGY,
J(e¥iz) = (det U)J(z), &
where
Uie0(2).

There is also an automorphism SO(2):
T(2)—=T(2) —izda({z)J(2) —%[za al2)7?,
J(z)—=J(z) —i%zaza(z), (8.2)
G*(2)—ext@GE(),

where a is defined by,
Gi(z) L7 ]G (=),
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with SO(2) generator J. Thus there are two essentially distinct sectors in the N=2
superconformal algebra, because of O(2)/S0O(2)=Z,. For example, let us define

G (eiz) = e*2inGE(2), (8.3)
then we can obtain the z-algebra generated by,

LP =L+ 75+ 70

JP=J® +~§n5n,o, (8. 4)

Gty =G,

where neZ and r€Z+—é~. The 7-algebras satisfy the eq. (2.3), and are all equi-

valent. We denote this algebra as A,. There is an isomorphism between A4,,; and
A,. There is an infinite number of N=2 superconformal algebras corresponding to
difierent choices of . In particular the algebra is in the Neveu-Schwarz sector if

»=0, and in the Ramond sector if 77=%—. Either =0 or »=1 describe the same

sector of the theory, but a field at =0 is mapped to anather field at =1 in terms
of the original =0 algebra. This is called spectral flow [36].

Now we concentrate on constructing the exactly solvable models of the supers-
tring compactifications following to Gepner. Suppose that the dimension of Min-
kowski space is D=d+2, where d is the numbear of transverse dimensions, which we
restrict 4 to be even. The total trace anomaly will be ¢=12 in the light cone
gauge, in both the left and right sectors of the theory. Hence the internal space

will have a trace anomaly co=12-—gd, which can be made as a sum of the mini-

mal models,

to=3010-D)=3 H

i=1 k1+2 : (8 5>

The full theory in the light cone gauge has an N=2 supereconformal structure in
this case. The fact that the theory has N=2 world sheet SUSY opens the way for
a simple mechanism for achieving spzce-time supersymmetry. The proof that the
N=1 space-time SUSY implies the N=2 world-sheet SUSY 1is reinterpreted in

terms of the spectral flow. Now consider the flow of the identity field I, (h=Q=

0) at =0 to p= :i:%. The supercharges @, @ of the space-time SUSY is expres-

sed by the gravitino vertex V{ # and V(-S‘” respectively, i, e.,
Qo= fd=ViP (o),

Qi=fdzviPa. (8.6)

The gravitino vertices are given by,
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VEP(2)=e™ 5 Sal, (8.7a)
and

VD) —ed 8.3, (8.7b)

where e 5 is the spin field for (8, 7) ghost system, S. is the spin field for the world
sheet fermions ¢* and X is some unknown field in the Ramond sector with iz=%,
which correspond to the covarintly constant spinor field on the Calabi-Yau manifold.
The X and 2t can be obtained from the identity field of the NS sector by the

spectral flow in cases of 7= i%‘ and ¢=9 by the relations,

903 grogsd
W=htd+e, Q' =Qx. (8.8)

Then eqgs. (8.6) define the generators of space-time supersymmetry, if the U(1)
charges of all the fields in the theory are integers. In that case the gravitino vertex
operator is local with respect to all the fields in the theory, and the action of the

space~time supercharge on the fields will be equivalent to a flow from 7=0 to 5=

1
+ Tk
This mechanism guarantee the space-time supersymmetry. From 2 and 3t we can

thus pairing fermionic and bosonic states in the actual spectrum of the theory.

get O(],:%, Q=3) and OT(IL:-%, Q = —3) respectively which express the original
NS sector, but with different highest weight states that correspond to the
holomorphic or anti-holomolphic 3-form on the Calabi-Yau manifold. The genera-
tors of the flow 4dy= +1 are conformal fields with the same & and @. In the case
of D=6, they are nothing but the SU(2) currents J£. When the N=2 algebra is
extended by the addition of the flow generators J*, the N=4 algebra is obtained.
Thus the string compactifications on the K; surface are described by the represen-
tation theory of the N=4 algebra. On the other hand, when D=4, in the case of
Calabi-Yau compactification, the flow generators are fermionic and a new algebra
is obtained by their addition to the N=2 algebra introduced by Zamolodchikov [26].

Next we will find the way to make the charge integrality condition compatible
with modular invariance by means of 5-method. The primary field da,q,. of the
c=2.,ci=9 theory satisfies the relation :

O = U, g1 510 DU g5 (8.9)
where ¢, 4,50, (=1, -+, 7) are the primary fields of the minimal theories, in which
¢i, hi and @ are defined by

o Sk
k2T
]1-:,,[{@ +,2\),,_9f£ _p_,fﬁ, (8 10)
‘ 4(ki+2) 8"’ '
g s
@ ki+2 + 27
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where 0<l; <ki, n€ZL/2(ki+2)Z, sieZL/4Z, i+ gi+si=even and

Now we define the orbits of the spectral flow of the primary field by means of

a vector 3:

Drar B hars) 3 PP arm4ng T (8.11)
where § is expressed by
B=(0,+-,0;1, 31, ).

It is necessary to include the whole fields obtained in each orbit in order te gua-
rantee the compatibility of space-time SUSY and modular invariance in the theory.
Corresponding to a primary field, we can define a character by:

Kbar) = XL qu 1) X arr se)- (8 12)

We will introduce the character of the primary flields belonging to the same orbit
by :

XI= ; ADrars)+nds (8.13)

where [ label the whole distinct orbits. Then we can define the partition function
of a nonlinear ¢ model on Calabi-Yau manifold which is modular invariant:

Z(z)= IZ}NI,TXI % (8.14)

The contributions of space-time oscillators X» and ¢» (z#=1,2) are included
into the whole theory by employing the level 2 theta functions. Since the SO(2)
is a little group of the SO(3,1) Lorentz group, the four helicity states are classified
to a singlet(O, ~=0), a vector(V, h:%), a spinor (s, hzé) and a conjugate-spinor
(§,h=~é—). The characters of these four states are expressed by those of level 1
SO(2) Kac-Moody algebra,

150® =97105,5, (8.15)

where ©;,5,(s=0,1, 2,3) are level 2 theta functions with a=0,s, V,§ respectively.
Then the total contribution to the character of the SST from the space~time oscil-
lators and the compactified space will be given by,

SST_

SO(2
X3 @

=0 =2
%(_)(2) X}S )+X.(S)O(2) xSs )__xs

SO
]

2 27D —ySO@ 5=, (8.16)

Now the modular invariant partition function for the superstring compactification is

described by,
Z(t)= %Nz,ix‘ESTx?ST*. (8.17)

Thus we have found a superstring partition function for a compactification on

— 58 — Proceedings of the Faculty
of Science, TOKAI Univercity



Review of the N=2 Superconformal Field Theory

an arbitrary sum of minimal conformal models, with N=1 space-time supersym-
metry. In addition the theories have the correct connection between spin and sta-
tistics. The absence of tachyons is also guaranteed by the fact that we have space-
time supersymmetry.

For the more physically interesting compactification of the heterotic string, we
only mention on the results and leave the details to the original papers by Gepner
[20,32] ane others [33,37,38] for the further developments and applications. States
in the heterotic compactification represented by Ve & Vi where Ve=(w; ¢, -, ¢r;
ceeesy) and Vi=(@:§1, -, Gr: 51, -+, S+), in which w(w) stands for an SO (S0
(10)) weight. The mass level of these states are given hy

81

”é';L:A\YR—P %ﬁ(r’2+]7in_%a
,’%17 =Nz +%w p2+hm 1, (8.18)

where fin, hin are the dimensions associated with the internal tensor theory; Ng, NL
are oscillator numbers and p is a vector in the Eg root lattice.

The generalized GSO projection guarantees space-time SUSY by projecting out
all states that does not have odd-integral total superconformal U(1) charge. To
impose this condition we introduce the vector

So=(5;1,-,151,-+,1), (8.19)

where § is an anti-spinor SO(2) weight. We also define the scalar product

9 + ZbL 5 (8.20)

Vv = a5

wew' —) Z

»L-tb—-

The total U(1) conformal charge of a state represented by a vector V (including
SO(2) or SO(10) contribution) is given by
Quot(V)=28,-V. (8.21)

Notice that Qior and total @ are related by Quo:(V)=Q(V)+2w-5. The generalized
GSO projection imposes Qro:=0dd integer. Since the fermions in the various sectors
have aligned boundary conditions (either NS or KR), another type of projection is
also required. Introducing the new vector §: by

3i=(V;0,--,0;0,-,0),(2 in the i'th position), (8.22)
where V is an SO(2) vector weight, this is achieved by imposing
Q:(V)=23:-V=even integer. (8.23)

The above two kinds of projections are achieved independently on the right
and left states expressed by Vg and Vi. These two vectors are constrained to differ
by an element of the lattice generated by 5, and the 8

Vi— Ve=mofo+ni i (8.24)
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The character of the right mover y¥#% % is exactly the same as that of SST.

But the character of the left mover are given by the level 1 Kac-Moody character
¥5,(a=0,V,s 3) of the gauge group G(=S0(26), or SO(10) X E). In the case where
G is a simply laced Lie algebra a is any weight vector of the algebra GG and the
characters are given by
g Oule )
: p(t)t

where [ is the rank of G and the theta functions are at level 2=1. The level %

(8.25)

classical theta functions associated with a Lie algebra (G are defined [39, 40]

@tJ,(T, z, u) :e—Zrz'ku 2 errz'k:'yZ-Z:rikrz’
rEM—}-%
where a is an element of the weight lattice and M is the lattice spanned by the
long roots of the algebra. The y§'s form a unitary representation of the modular

group [5]. Then the character 3¢ is given by

X?etyszgx%S:o}_‘_xIG/X?:Z)+156XETS:1)+XSQ XE’S::S)' (8 26)

The modular transformation properties are exactly the same as those of y7°7.

Thus we obtain the modular invariant partition function by
Z= IZI_NJ,ix?”'Rx}M'L*. (8.27)

Now we could obtain the heterotic string compactified on Calabi~-Yau manifold.
Moreover the effective action of the Yukawa couplings are, in principle, exactly
calculated by this method [337.

The heterotic compactifications on the Kj; surface have been studied in the
context of the representation theory of the N=4 conformal field theories [37, 38]
with ¢=6. Because there has been no general method to construct the representa-
tion wtih ¢2>3, it should be emphasized that a lot of studies are remained to be
done. Recently it was demonstrated by Kazama and Suzuki that a large class of
unitary representations of the N=2 superconformal algebra for ¢>>3 may be obtained
from a generalization of coset construction [38]. Finally throughout this paper we
implicitly used the mathematical results in refs. [39,40].

One of the authors (M. ]J. H) deeply appreciates to Prof. J. L. Petersen for his
kind hospitality at Niels Bohr Institute during the summer of 1988. He would also
like to thank to Dr. F.Ravanini for stimulating and helpful discussions on the

situation of conformal field theories.

Appendix A. Derivation of Kac determinant Formula

Introducing two bosonic and two fermionic oscillators with real parameters A

— 60 — Proceedings of the Faculty
of Science, TOKAI Univercity



Review of the N=2 Superconformal Field Theory

and g
0(2) =qo—i(po=i) Inzti T e, (A-18)
6(2)=Qo—i(Po—p) In 2 +i z "j zm, (A.1h)
rix)= B b h(i=1,2), (A-1c¢)

we represent the currents in the following generic form:

T(w):%.m@; % C2(2) 1= 232A(2) — 13.C(2)
— L@ - g @) (Aza)
G1(2) = () AR) — 2007 ()M C(D =277 ()], (A2Db)
J(2) = fe” ) (=) i —2020(=) +2ip A (=), (A.2¢)

where A(2)=10,0(2), C(2)=i0:0(2).

In eq.(A. 1c) the suffix # runs over Z+% for the A (Neveu-Schwarz) algebra
or over Z for the P (Ramond) algebra. For the T (Twisted) algebra, the suffix n
runs over Z in eq.(A.le) and over Z+~,§- in eq.(A.1b).

The components of the currents (A, 2) satisfy the algebra (2.3) with central
charge

¢ =3-12( A2+ p?). (A.3)

In the following we can take p=0 for simplicity, which does not spoil the generality
of the discussion.

The vertex operators which correspond to a primary fields multiplet are defined
as

Vi(t,u,z)=explite(z) +iup{z)]:, (A.4a)
VE(tu,z)=:(t+L)y={(=)V{t,u,2):, (A.4b)

P f2+[/[ i d. " Y ' T .
IF(tyu,g)=1[-— eilpt(2) i (2) —tC(2) +uA () ]V, 2) (A.4¢)

u

where y=(z )m— 1 (;1( Y+:72(2)). They form an N=2 superconformal multiplet
when we put /z—() The conformal weights of V, V=, 1" are /i, iy + 1), ho+1, respec-

f+u 4t

tively, wher fip=
The ket vacuum |2, 0> is defined by

] 7,0 — a2 05 =511 2,05 =0, (1>0,i-1,2), (A.52)

] 2, 0) =] 2,05, ¢o| 2,05 =0. (A.5b)
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This vacuum satisfies the requirement of superconformal invariance

L"]2,0>=0’ 712—1, (A6a>
Gi 4,0y =0, 1> —5,(i =1,2), (A.6b)
In| A, 00=0, n>0. (A.6¢c)

While the ground state |£+4,u) with level=0 and a¢(c;) momentum=¢+A(u)
satisfies the primary state conditions

La|t+2,u)=0, n=>1, (A.7a)
Gilt42,uy=0, n>%, (A.7b)
Jolt+ A uy=0, n>1, (A.7¢)
Lolt+ 24, ud=h|t+2, u), (A.7d)
Jolt+A,uy=qit+2,uy, (A.7€)
where ]z:fz—";&+2t,q:—2iﬂu for the sector, h:ftz/%~+2t+ é, qz:t%'—2i2u

2
for the R sector and h=1L +iz+ 1 g=0 for the T sector.

2 EN
Now consider three special vertex operators '( —24,0, 2), V+<22 , »21—2, z).
They are conformally invariant vertex operators satisfying the following commuta-

tion relations,

[Ln, V'(—24,0,2)]=3,(z""V (—24,0,2)), (A.8a)
[G,f,V(—ZZ,O,z)]=;taz(z”“Vi(—Zl,O,z)), (ASb)
]:JTHV<'_2'23O>Z):|:O’ (ASC)

and
[Lag, V£ (22, ,2)] =0z (Z"+1V+(27,:F L2, (A.9a)
{Gg,quil, S 2 =0 (A-95)
(GE, V(g F i@ =07V (G, Z'R,zn, (A.9¢)
[:Jﬂ,V (21’ 22,2’)] 0 (A-gd)

Utilizing these conformally invariant vertex operators ¥,V* with conformal
weight 1, we can construct singular vertex operators (SVO) for null field as follows:

D,(t, u, %) :7}5 f de V7 (—24,0, zr>gz’ d2r iV (—22,0, 2r_y) -

P @y (-22,0,2)V (6w, (A.102)
2z
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- 1 ‘ 1 I w17
[/ R = . FVx F I
v (t,M,Z) 27 o db" (2)\’ 21,5)‘/(t,l£,2), (A].Ob)

where the integration contour ¢. encicles all the points z, 2y, -+, 2.
These SVO’s have important properties :
(a) @,(¢t,u,2) and ¥£(Z, u,2) have the same commutation relations with the
L,GiLJdys as V(L u, 2),
(b) @,(¢, u, z) exists nontrivially if and only if ¢ takes one of the values

t=t(—r, :%(14);_—% : (A1)

where r takes positive integers, s takes even integers and ¢_= —22 is the solution
of the equation ho+1=1.
(¢) U+(t u, 2) exists nontrivially if and only if 7 and « satisfy the relation

b=t (R =t (k4 L) ki, (A.12)

where 0< kEZ+%_

P

The null state for the NS sector can be obtained by operating the null field to
the state |4, %) which is obtained from the ket vacuum by shifting the ¢; momentum
by u:

o=@ty u, 20| A, up =2\ rt_+t+ 4, u). (A.13)

Here & consists of L_,, G, and/or J_,, and the state |rf_+¢-+4,u> is the highest
weight vector. From the above mentioned property (b) the highest weight vector

has a degenerate state (null state) if and only if its momentum ri_+¢=1¢(r, —:;—)_

Then this highest weight vector has the conformal weight
RS Sy= 3P =) = s+ T2 B-0) 1 (L2 —g®), (sieven), (A, 14)
Y27 24 4 3 4 T ’ '

where ¢= —2idu is the eigenvalue of J;. From (A.12), we obtain a series of dege-
nerate highest weight:

BSE(R) = gk -+ o (3—) (= 1), (A.15)

With egs. (A.14) and (A.15), we can obtain the Kac determinant formula for
the NS sector (3.9).

Similarly, we can obtain the degenerate highest weights for the R sector:

h&(r, —g:) =2L4(3—c)(r2—1) —%rs—[—[%@—c)]‘l(%sz—qz) +%, (s;even),
(A.16)
and
he= ()= £ gkt (B30 (B =)+ ¢ (A.17)
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where 0<keZ. ¢ is the eigenvalue of J;, which is given by q=i%—2i2u depen-
ding on which subspace of the R sector is considered.

With egs. (A.16) and (A.17), we can obtain the Kac determinant formula for
the R sector (3.7).

Finally, for the T sector we have only one series of the highest weights corres-
ponding to the SVO @,. There are no ¥+ type SVO since ¢, momentum is absent

for the T sector. Hence we obtain
e Sy=2a_our—D -t 2@+l (5 0dd) (A.18)
b 2 24 4 8 »- 87 R b .

where 0<rgZ, 0<%EZ+%.

With eq. (A.18), we can obtain the Kac determinant formula for the T sector
(3.9).

Appendix B. Parafermionic construction of the Character formula

In refs. [18,19,20], it has been shown that all the unitary N=2 superconformal
field theories with ¢<3 are realized as a direct product of the Zj theory and a c=1
theory. The Z; theory is characterized by a pair of parafermion fields ¢,(2) and
51(z) with fractional opin. The operator product expansion of parafermion currents

are given as

PA(2PU(a0)~ (2~ 20) =B+ (2= w)? 2 L) 4.0, (B.D)
¢y
where 7% 1s the stress-energy tensor of Z; theory, i, = L—;—l is the dimension of
¢, ¢t and ¢, is the conformal anomaly given by c,= 2%}%:21)—'. The relation bet-

ween the N=2 superconformal algebra and the Z: parafermions is expressed by,

G =)=y 2R, g exp Gag(2)),

G (2) = 2 9t @exp(—iag (), (B.2)

J(2) =L 0.5(2),

where ¢ is a free scalar field and a= /(£ +2)/k. The stress-energy tensor is now
given by

T(2) = =5 (8:0(2)) + Tu(2). (B.3)
It is straight forward to verify that they satisfy the OPE (2.1) with ¢ given by

2 k=
c=3[1— 7=, 0,(k=2,3).... (B.4)
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A primary field for the N=2 superconformal theory will be a product of a parafer-

mionic primary field and a bosonic exponential. For each parafermionic primary
field

Q)1 gingd ) (B.5)
where

g— (3 sgn(0) +adk

- (g=., 120D,

q——(% sgn(0) +1+a)k
- = _ e (g = 2 ...
Qg JEETD) s (g=10,1+2, ), (B.6)

where in the Ramond sector ¢==0 and sgn(0)=+1 ane in the NS sector a:% and
sgn(0)=—1. The OPE of @,:exp(iag):with G= and .J can be calculated as:

G (B0 explingp(0)) i~ | 2E wrea™F01.00) texplitag+a)s(0))

G (D10)  expling(0)): ~ [ 2R srune™ T 01,0 expliCag—a)g (01,

JD40) s expliagg(0)) i~ { 5L 127 1D5(0) s expliag(0)) - (B.7)
The conformal dimensions and I7(1) charges are then given by,
(hy @)= (g + e, [ 2a), (B.8)

where f4 is the dimension of the field @) given by

po 10+2) _ ¢*
Ak +2) 4k

for 0<</<k, —k+1<g<k and [—~m=0 mod 2.

Non-primary fields are obtained by acting G* and J on the primary fields, in the
operator product sense. Thus a superconformal block would contain all field obtained
from some primary fields. Operating G* on the field @ :exp(ia¢) :we get in the
leading order the field @, :exp(i(ag+ +/(k+2)/k)¢) :as seen from eq, (B.7). Let us
assume that £ is odd, at first. Then applying G* 2k times, the parafermion ¢, can-
cels and we are left with a net shift in the hosonic momenta. This shows that the
bosonic piece is given by a theta function at level 2k(k-+2). Let us separate NS
and R sectors into four sectors labeled by s which is defined modulo 4. s=0, 2 com-
pose the NS sector, and s=1,3 compose the R sector. Denote the partition function
of the s sector by 7i%(z,2). Now we can derive the character formula correspon-
ding to the eq.(4.9) as follows;

= 3 crgeai-s(7)O2 i e 2nte-2 (T k2, 0), (B.9)

7 mod %
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where in the R sector we have replaced g—>¢g+s. %§') is invariant under any of the
transformations, s—s+4, ¢—>¢+2(k+2), which shows that ¢ is defined modulo 2%
(k-+2) and s modulo 4. Also x{"} =0 if /+g+s%0mod 2. In additon, 3§’} is inva-
riant under the simultaneous interchange:/—4—!, g—>g+%+2, and s->5+2. The
result (B.9) is also valid for even k4.
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