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Abstract

The main purpose of this note is to generalize a theorem of W.W. Hastings
[17: let ¢ be a finite, positive measure on D, the unit disc in ¢, and let ¢ be a

Lebesgue measure on D. For 1< p<<g< oo, a>>—1 and <0, a necessary and suffic-

ient condition on # is given in order that {\"D<1—1zx)ﬁq/pfp(z)dy(z)}”qg{gb(l—wz!)a

fp(z)da(z)}“p for every positive subharmonic function f(z) on D.

Let f(z)zi} a:z* be analytic in the open unit disc D : |[2/<1, and let
E=0
1 rex ) 1/p
My(r, = (5| (1S tre|edt) " 5 0< ploo
for 0<r<1. Let H? be the set of function analytic in D such that

HfHHp:srgg My(r,

is finite. The weighted Bergman space A? for 0< p<{co and a>—1 is the linear
space of all functions f(2) analytic in D, for which the integral

1A=, (L) MyCr, £dr

is finite. It is easily seen that Hrc A?, (a>>—1) and AYc A3, (—1<a<§).
A theorem of Carleson generalized by P.L. Duren [2] 1s as follows :

Theorem A. Let g be a finite, positive measure on D and 0<p<{g<oco. Then in
order that there exists a constant C>0 such that

1/q
{[ 1fpdu) " <Cll i
for all f(z)e H?, it is necessary and sufficient that p(S)<{Adév? for every set of S
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of the form
S=={z=re 1 1—8<r<1, Bo=lf<b+ ). )

W.W. Hastings [1] proved this theorem for A%. In fact, his result is more

general :

Theorem B. Let gz be a finite, positive measure on D, ¢ be a Lebesgue measure
on D and suppose 1<Cp<Cg< oo. Then there exists a constant C >0 such that

[ re@ape) "<c|f fredoo)

for every positive subharmonic function f(2) on D if and only if there exists a
constant A>0 such that

1/p

p(S)<<Adr'r (2)
for every set S of the form (1).

As an immediate consequence of this theorem, we can see that the condition

(2) is equivalent to

{| if@ndp] " "<Cl fllne
for all f(2)e A%, where 0< p<lg< oo,

We will generalize the theorem B for weighted Bergman space AZ, (a>—1).

Theorem 1. The condition for z,0,p and ¢ are the same as in theorem B. We
suppose a>—1 and 3<<0. Then there exists a constant C>>0 such that

([ a=lhisfuzau) "< [ a—ldyfrde}” (3
for every positive subharmonic function f(2) on D if and only if there exists a
constant A™>0 such that
p(S) < Ade/p2—te=a)) 4
for every set of the form (1).

To prove this theorem, three lemmas are needed.

Lemma 1. ILet a, 5 be a real number and set
2mi={(1—2"") exp {2(k+ 2" VDxmi/2m+4},

where £=1,2,3, - ;o m=0,1,2 .- .

Then we have the inequality

2
Ca ‘5<2mf2—(ﬁ—a))g

1/0m+3
6/2™

om0 (L—={2mi-+pe))= " pdp,

where C,,; is a positive constant depending only on « and S.

Proof. First let f—a>>0, and m>1. Then we have that for every 6<[0, 27]

7/2m+3 .
[y amesP (Ll zme e~ 6~

— 80 — Proceedings of the Faculty
of Science, Toxat University



A Carleson Measure Theorem for Weighted Bergman Spaces

>3 —m 7/2M+3 _ “(ﬁ‘ﬂ)d
2 A —|2zmil +p) e

_22 g/2m+3

3, .23 (=) O—m(2=(g—ad}
=515 72

:C(lgz—m(‘&—(ﬂ—a))-
a,

If we suppose m=0, then we have the inequality,
3

7/2
| P (L—lzat ey dp

8

7/23
27%&6/23 (1—p)~#=dp

> 3522(;5-:1)

>C8.
Next suppose that §—a<(0 and m=>0, then we have
7/2m+3 -
S6,/27ﬂ+3p<1_[zmk—i‘pewi)—(ﬁ-a)dp
. 7/2Mm+3 ﬁ
ngzz—mgs/gm+3(l_[zmk|—-p)“(P*a)dp

23528(,5—a)2‘m{2—(,3-a)}

— C(2;2-m(2—(5—a))_
Thus if we put
Co,s=min (C"}, C&D
then the desired result is obtained.

Lemma 2. Let
Tm=1lz=rei : 1—1/2m<r<1-1/2m41 0027} 3 m=0,1,2, -+,
Then for 2T and pe[6/2m+3,7/2m*%], we have the inequality
(1= (2P < Co(L— [2mat pe]) %)
for real 8 and for all #={0, 2=,

Proof. 1t is easy to see that for 2T,
1—|z]<2™m

and

_ | -
1—|zg|>5 27

On the other hand, since

1—|2mst peie|2%§ 9-m

and
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1—|2mi+ pew|g125; 2-m,
we have
1—]2/<23(1 —|2ms + pe®|) 6
and
22 )
15 (A= lzmetpeD<1—|2| )

respectively. Thus if >0 by (6), and if <0 by (7), we obtain the desired inequ-
ality (5).

Lemma 3. (lemma 6 in [3]).
For ¢>>—1 and y>1+a we have

(A= g C .
SO (1_pr)7dr£(1-—-p)r—a—l 3 0<o<1.
Proof of Theorem 1. (sufficiency) We first define that for m=0,1,2, - and

Tri={z=re?® : 1 -2"n<pr1—-2"m"1 2kz/2m << 2(k+ 1)7/2m*},
In view of W.W. Hastings [1], if 1<{p<{oo, then for pe[6/2n+% 7/2m%3] and
z& T,

FHREC | folamct 06 ®

for every positive subharmonic function f(2). Therefore by (8) and lemma 2,
A—lzDfP(2)
<Cy -2%—§z“(1m|zmk+pew|)ﬂ 2 (2mi+ pei®) db. (9

Hence by lemma 1 and (9),
(I—|zDéfr(2)
SC;‘}ﬂZm(Z‘-(,B—a))S

7/2m4 38

(lﬁizl)ﬁfp(z) mlﬁn (1’—Izmk—|—pei”l)_(ﬂ_ﬂ)pdp

S7/2m+3

g/2m+3

<, s2mir=man _1_

o ﬁx(l—lzmk+pgiﬂ|)afp(zmk+pew)pdﬁdp

5/2m+3

<Cpamme | (L—fol)efr(w)do(w)

where, Dui={z€C : |z— zmi|<T7/2m*8}.
While, by the hypothesis (4), we get

2 Trmp) < C2-ma/ pyiz=ta=ad),
Therefore

[ a—lzha»fr(zdp(z)

=53 A—leD@»fiduc)

m=0 k=1
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Cuspa BB p(Tun 2o mz=smonl( - (—fwl) fo(wdda(w)}"”

<Cospa B2 {{, A=t fraw)do}””.

These inequalities correspond to the one from the sixth to eighth lines of page 239
in [1]. The rest of the proof runs in the same way as in [1], and we can obtain
the inequality (3).
(necessity) Suppose that 0< p<<g<co. Let
zo=(1—0) exp {i(0o-+0/2)}
and set
F&) =1~ zaz w0,

if a>—1, then we can see that by lemma 3
|, A=lzD () da(z)

- ! (1—7')“__;
<Clga- e

<(Cé
And if 5<C0 and z<.S, it {follows that
|, =12Ds 2 fi(z)dp(2) = Coor =G0 ().
Thus if (3) holds, we get the inequality (4). (see [1] for details)

Theorem 2. Suppose 0< p<lg<(co and <0, then we have the equivalence :
([ a-lzhwoif)idp} "<Cl fllp. for all f(z)e Al
&> (4) for every set S of the form (1).

The proof is the same as theorem 1, since |f(2)!? is subharmonic in D, if

0<p<loo and f(2) is analytic in D.

Suppose{z:} is a sequence of distinct points in I, and let ¢ be the point mea-
sure, defined by p({z:})=(1—|z:Dtts, p(D\{z:})=0.

Corollary 1. If 0<p<oo, then we obtain the equivalence :
% (A=fziy flap<oo for f(z)e Al

& p(S)=LCdrt« for every set S of the form (1).
Let us define that a sequence {z:} is uniformly separated if there is a number
>0 such that

_BETRG
1—z;2

it

j=1
J¥k

>0, k=1,2,3, - )

Theorem C. (see p.149-157 in [4]). Let {2:} be uniformly separated. Then
there is a constant C>> such that for every set of the form (1),
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p(S)=<Co.
With the aid of theorem C,

Corollary 2. If {z:} is uniformly separated, then for any f(2)e A?

3 (=[] fa) p<eo.

We remark that there is a special case of corollary 2 in [5] and [6] i.e., when
p=2 and a=0, respectively.
We have already conjectured in [7] that if a sequence {z;} is uniformly sepa-

rated, then for every f(2)eB? (Br=Al,,_,, see [8] for details) we shall get

I Q=lmr fG)lr <oo.
But we can only obtain the following by the use of corollary 2.

Corollary 3. If {2:} is uniformly separated and f(2)< B?, then

3 (=D G| <Leo.
Finally, we state the two inequalities as in [2].
Corollary 4. If 0<p<Cg<[oo, then f(2)< A? implies
[ Q=nwreoepi G, fdr<oo

and

[, @=rwreromy () adrZoo.
The first inequality appears in [9].

Remark and Errata. In addition to theorem B, we remark that he proved the
theorem for D instead of D. In [7], we proved that {2c T,(Br) =—> {z:} €S(U)
and {Pc Tp(B?) == {2;}€S(U) held in theorem 1 and theorem 1’ respectively.

But since we recognize that there is an error in the proof, we omit the above parts.

In conclusion, I should like to express my gratitude to Prof. H. Watanabe and
A. Nakamura for their suggestions and advices.
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