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Abstract

We give a list of even indefinite 2-elementary lattices admitting a primitive embedding in an
even unimodular lattice of signature (3,19). These are the lattices that give the classification
of non-symplectic involutions on K3 surfaces.
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1 Introduction

A lattice L is a free abelian group of finite rank equipped with a non-degenerate symmetric
bilinear form, which will be denoted by ( , ). Lattice theory gives fundamental techniques for al-
gebraic geometry. For example, Mordell-Weil lattices in elliptic fibrations, automorphisms on K3
surfaces and Enriques surfaces. In particular Nikulin [7] gave the classification of non-symplectic
involutions on K3 surfaces by characterizing their fixed loci in terms of the invariants of special
lattices. These special lattices are 2-elementary lattices. This means that the classification of
non-symplectic involutions on K3 surfaces is reduced exactly the classification of even indefinite
2-elementary lattices.

Indeed even indefinite 2-elementary lattices were classified by [6]. Then there exists a triangular
graph in [7, page 1434] in which the invariants of 2-elementary lattices appearing in the theory of
non-symplectic involutions on K3 surfaces are plotted. But it does not describe concrete lattices.

In this paper, our purpose is to give Table 1 in Theorem 3.2, hence to concretely write down the
75 lattices that appear in the classification of non-symplectic involutions on K3 surfaces. It allows
us to make geometric considerations, such as constructions of elliptic fibrations of K3 surfaces

with non-symplectic involutions.
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Remark 1.1 1. For a odd prime number p, there exit lists of p-elementary lattices appearing
in the theory of non-symplectic automorphisms on K3 surfaces. See [1],[2], and [9].

2. In this paper, we do not treat details of K3 surfaces. See[3],[4], and [5].

2 The classification of 2-elementary lattices

In this section, we review the classification of even indefinite 2-elementary lattices due to
Nikulin [6]. For details about foundations of lattices, see [3, 8], and so on.

Let L = (L, (, )) be a lattice of rank r. The bilinear form {, ) determines a canonical embedding
L c L* =Hom(L,Z). We denote by Ay, the factor group L*/L which is a finite abelian group. A
lattice L is called 2-elementary if Ay, ~ (Z/27)%*, where a is the minimal number of generator of
Ap. In the following, we treat only even indefinite lattice. Hence for any x € L, the value of (x, )
is even and the signature of ( , ) is indefinite.

We denote by A,,,, D,,, F; the even negative-definite root lattice of type A,,,, Dy, E] respectively,
and by U the even indefinite unimodular lattice of rank 2. For a lattice L, L(m) is the lattice

whose bilinear form is the one on L multiplied by m.

Example 2.1 1. An even unimodular lattice is 2-elementary with a = 0.
2. Lattices Fg(2) and U(2) are 2-elementary with a = 8 and a = 2 respectively.

3. Lattices A1, D,, (n:even) and E; are 2-elementary of a = 1,2 with a = 1 respectively.

Definition 2.2 Let (L,(, )) be an even 2-elementary lattice and (L*,(, )p~) its dual lattice.
These induce the discriminant form ¢ : A, — Q/2Z, gq(x + L) = (x,x) - + 2Z. Then we put

0 ifg(x+L)=0,VzeL*

(=%}
~
I

1 otherwise.

Example 2.3 1. For an even unimodular lattice L, L(m) has 0, = 0.
2. 04, =0, =1
3. It nis even then ép, = 0 holds.

Even indefinite 2-elementary lattices are classified by the following.

Proposition 2.4 ([6, Theorem 3.6.2]) An even indefinite 2-elementary lattice L is determined
by the invariants (dy,,t1,t_,a) where the pair (t;,t_) is the signature of L. An even 2-elementary
lattice L with invariants (d1,,¢4,¢_,a) exists if and only if all the following conditions are satisfied

(it being assumed that d;, = 0 or 1, and that t4,t_,a > 0):

(1) a<ty+t_;

(2) ty+t-+a=0 mod 2;

(3) ty—t_ =0 mod4iféy, =0;

(4) 6, =0,ty —t_ =0 mod 8 if a = 0;

(5) ty —t_=+41 mod8ifa=1;

(6) 6p=0ifa=2,ty —t_ =4 mod §;

(7) ty —t— =0 mod 8ifd, =0and a =1t +t_.
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3 2-elementary lattices and K3 surfaces

Let X be a K3 surface. It is known that its 2-nd cohomology H?(X,Z) is torsion-free. Moreover
we consider the cup product on H?(X,Z):

(,):H*X,Z) x H¥(X,Z) — Z.

Then the pair (H2(X,Z),{, )) has a structure of a lattice. By Wu’s formula, the Poincaré duality
and the Hirzebruch index theorem, we see that (H?(X,Z),(, )) is an even unimodular lattice of
rank 22 with signature (3,19).

Let Li3 be an even unimodular lattice of signature (3,19). It is known that Lg3 is isometric

to U®3 @ E$? by the classification of even unimodular indefinite lattices ( [8], Chapter 5, §2).

Lemma 3.1 Let L, L; and Lo be even 2-elementary lattices.

1. If the rank of L is r and Ap ~ (Z/2Z)®* then the inequality a < r holds.
2. The equality 61, = 0z, = 0 holds if and only if the equality 01,41, = 0 holds.

Proof. 1. It follows from | L*/L |= 2%, | L*/2L* |= 2" and 2L* C L C L*.
2. It follows from (L1 D LQ)*/(Ll D LQ) ~ (LT D L;)/(Ll D LQ) >~ AL1 D ALZ-
O

We have the following Theorem by Proposition 2.4, Lemma 3.1, Example 2.1 and Example 2.3.

Theorem 3.2 Let S be an even hyperbolic 2-elementary lattice admitting a primitive embedding
in Lks. Let T be the orthogonal complement of S in Lk3. Then the following tables give all even

hyperbolic 2-elementary lattices admitting a primitive embedding in Lxs (see [6] Sec.1, part 12°).

rank S =1
§ S T
1]0] Ai(-1) | UP2@ ED? @ Ay

rank S = 2
al|d S T
00 U U®? @ B$?
20 U(2) UaU(?2) @ EY?
21| Ai(-) @A | Ai(-1)9% g E?

rank S = 3
al|d S T

U A U®2 ¢ Es @ Er

311|U2)®A |UdUQ2)® EsD Er

rank S = 4
) S T
21| UsAY? U®? @ E9*
111|U2eAP? | UeU@2) @ EY?
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rank S =5
al|d S T
3[1] UeAP? U® A (-1) @ EP?
5011U2 @AY | UQR) e A(-1) @ EP?
rank S = 6
al|d S T
210 U® Dy U®2€BE8@D4
40| U2)@®Ds | U222 Es® Dy
411 UeAP* | A4(-1)®2eEY?
6|1 U2eAP| U@Q®2eEP?
rank S =7
ald S T
3|1|UeDss Ay U®2 @ BE; @ Dy
501 UeAP® U2 @ Eg @ AY®
71| U@eAY® |[UsU@R) ®Es® AY®
rank S = 8
al|d S T
2011 A1(71)€BE7 U@QEBE,SGBAEBQ
41| U@Di@AY? | U U2) @ Es ® AP?
61 Ua AP° U(2)® @ Eg @ AY?
81| U2eAP | U@)®2e D @ AP?
rank S =9
al|d S T
1)1 U® E; U®2 ¢ Es ® Ay
311 U2)® Er UaU2)® Es® Ay
501 U2@eDiaAY? | U2 DI oA
71 U AY” UaU(2) & DY* @ Ay
91 U@2) e APT U®2 @ Fg(2) ® Ay
rank S = 10
a |d S T
010 U Es U®2 ¢ Eg
2|0 U(2) ® Eg UpU(2) @ Es
2 1] Ai(-1)®A1@Es |UPAI(-1)D AL & Eg
4]0 U@ DY? U®? ¢ DP?
4 1| A(-)0E0AY? | UoUQ)®E® A
6|0 U(2) & DY? UaU(2) @ DJ?
6 |1 U® Dy AP? U2)®2 @ E; ® Ay
810 U ® Es(2) U®? @ Fg(2)
8 |1 UoAP® U2 AP®
10 | 0 U(2) ® Es(2) UaU_2) @ Es(2)
101 U2) e AP® UaU@2) o AP®
rank S = 11
a |0 S T
1)1 U®Es® Ay U%2 ¢ Ey
311 U(2) ® FEs ® Ax U U(2) & Er
51| veDY?eA U® A1(-1) @ DY?
71| U2 @D oA | U?2) ®A(-1) @ DY?
9 | 1| UdEs(2)®A Us Ai(-1) & Es(2)
11]1|UQ) ®Es(2) e A

U(2) @ A1(-1) © Es(2)
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rank S = 12
a |0 S T
2 1 Ud Es @ AY? U® A (-1)® Er
41| U2Q@Es®AY? |UQ) @ A1(-1)® Er
6 1] UsDP @AY A1 (-1)%2 ¢ DP?
8 | 1| U2 @®Dy? @AP? U(2)%? @ DP?
101 UsEs(2)aAP? | A(—1)®2 ¢ E5(2)
rank S = 13
al|d S T
3|1 UeEBsaAP? U®2 @Dy A
501 U2)@Es®AY? |UoU@2) @ Dsd Ay
71| UeDP?eAP? A1(-1)®2 @ DY?
91U @D eAP? U(2)%2? @ DJ?
rank S = 14
al|d S T
210 U@ Es® Dy U%2g D,
4]0 URQ@Es®dDs | UsU((2)® Dy
41| UsEs@AP* U®? g AP
6|0 UaDP? U(2)%2 ¢ Dy
6|1 UeDY*aAY! |[UaU(2) @AY
s11|U@aeDP?a AP | U@2)®2g AT?
rank S = 15
al|d S T
3|1 UsEs@Dsi®A | USRgAP?
501 UsEsaAY® |UaU@ oAP?
71| UeDP oA U@2)®2 g AP
rank S = 16
ald S T
21| U@E U®? g AP?

41 UQeEP? [UeU@2) e AP?
6|1 |UdEs®AYY | U220 AP?
rank S = 17

al|d S T
1)1 U@ Es® Er U®2 @ Ay
311 U(Q)@Eg@E7 UEBU(2)@A1
501 UQeE aA | U2 A
rank S = 18
al|d S T
010 Ue ES? U®?
2]0 U@2) @ EP? UaU?2)
2|1 Ai(-)@ A @EY? [ U Ai(-1) @Ay
410 U@ Es ® D? U(2)®?
411 U(Q)@ES@E7®A1 A1(71)€B2 @A?Q
rank S = 19
al|d S T
11| UoES @A U® A(-1)
3/1|UQ @B A |UQ2) @ AI(-])
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rank S = 20
5 S T
1|1 | U ES? 0 AP? | Ay(-1)®2

Table 1: 2-elementary lattices

Remark 3.3 If X is a K3 surface with a non-symplectic involution ¢ then S is the invariant

sublattice of H2(X,Z) with respect to the t-action.
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