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Abstract 

 In this study, a circular plate that is installing a piezoelectric element at its center is adopted as energy-
harvesting system and is subjected to a harmonic point force. To assume the application of this electricity 
generation system to actual environment, the point force, whose frequency is different from the natural frequency, 
is added to the harmonic point force. Then the excitation force ratio, which is determined by dividing the 
additional point force by the original point force, is defined. The mechanical power supplied to the plate, the 
electric power in the electricity generation and the electricity generation efficiency derived from those powers 
are considered as electricity generation characteristics from theoretical analysis under such an excitation 
condition. The additional excitation weakens rapidly these electricity generation characteristics, as its excitation 
frequency goes away from the natural frequency. It is verified that such variations in electricity generation 
characteristics get closer to the situation of the random excitation from the electricity generation experiment. 
Then from the estimation based on Q value, the electricity generation efficiency becomes more insensitive 
against shifts in the additional excitation frequency than the mechanical power and electric power and also 
becomes insensitive with increases in the plate thickness and excitation force ratio. To improve the electricity 
generation characteristics by using the acoustic radiation power derived from the plate vibration, a cylinder that 
has the above plates at both ends is adopted, and the mechanical–acoustic coupling between the plate vibrations 
and internal sound field is used. However, although the application of the random excitation to this system 
suppresses the electricity generation characteristics more extremely than those of the harmonic excitation, the 
characteristics are hardly improved only by mechanical-acoustic coupling. 
 
Keywords: Energy harvesting, Electricity generation system, Piezoelectric element, Harmonic excitation, 
Random excitation 
 

 

1. Introduction 
 
    Energy harvesting is an energy conversion technology 
with an output power of µW to mW, or at most a few W, which 
can be used as a stand-alone power source for small electronic 
devices1). Generally, it utilizes various energy sources, such as 
heat, wind, solar energies, and so on. Among the various 
energy harvesting possibilities being proposed and under 
consideration for practical application, the energy harvesting 
technologies based on vibration power generation will become 
increasingly essential as a power source technology in the 
future2,3), including concepts such as the "Trillion Sensor," 
which will create a market of 1 trillion sensors per year4). This 
power generation requires a two-step process: first, the 

mechanical energy in the environment is captured in the device, 
and subsequently converted into electrical energy. From a 
material point of view, there are two types of vibration power 
generation: magnetostrictive and piezoelectric. In both cases, 
it is important to model and understand the vibration problem 
according to the realistic environment, for a better energy 
conversion efficiency5). The Sustainable Development Goals 
(SDGs), proposed by the United Nations in 20156) call for 
improvements in global energy efficiency by 2030, and 
improvements in the harvesting efficiency by understanding 
vibration will make a significant contribution to this goal. 
Especially, untapped vibration energy exists fully around us 
and technologies to be able to scavenge such an energy are so 
significant. Although several methods to harvest the vibration 
energy have been proposed a lot, piezoelectric materials that 
can convert it into usable electric energy are taken up and 
electricity generation systems that are attaching the materials 
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to host structures attract considerable attention. Because a 
simple cantilever beam is adopted generally as the host 
structure, it is comparatively easy to theoretically model it and 
to carry out the theoretical procedure model7).  

In such an energy-harvesting system, matching the load 
impedance with the input impedance is significant. Therefore, 
the variations in the maximum power have been considered by 
changing the resistance of the resistor by which the load 
impedance was characterized8,10). Then to improve the modal 
equivalent stiffness ratio, modal electro-mechanical coupling 
coefficient, and modal piezoelectric voltage coefficient of a 
piezoelectric element attached to a beam, two mechanical 
impedance matching methods were proposed, and then they 
were derived from using spacers between the piezoelectric 
element and beam structure and from tuning for the size of the 
piezoelectric element9). In the case of the cantilever beam that 
was selected as the host structure, because the vibration 
characteristics were adjusted easily due to a tip mass and 
related directly to the efficiency (with respect to the tip mass), 
the influence of the size and position on electricity generation 
characteristics was considered8). In general, the rectangular 
strip shape is adopted as the host structure. However, because 
it is also possible to assume various shapes, electricity 
generation characteristics were compared in rectangular and 
triangular shapes, and it was verified that the performance of 
a triangular shape was superior to that of a rectangular shape 
10).  

In this study, a circular plate, on which a piezoelectric 
element is installed at its center, is adopted as the host 
structure and is subjected to a harmonic point force. However, 
to assume the application of this electricity generation system 
to actual environment, the point force, whose frequency is 
different from the natural frequency, is also added to the 
original point force. Then the excitation force ratio, which is 
determined by dividing the additional point force by the 
original point force, is defined. The mechanical power 
supplied to the plate, the electric power in the electricity 
generation and the electricity generation efficiency derived 
from those powers are considered as electricity generation 
characteristics from theoretical analysis under such an 
excitation condition. On the other hand, to utilize an acoustic 
radiation derived from the plate vibration for energy-
harvesting, a cylinder that has the above plates at both ends is 
also adopted as the electricity generation system and 
mechanical-acoustic coupling is caused between the plate 
vibrations and a sound field into the cylindrical enclosure by 
subjecting one side of each plate to harmonic or random 
excitation. Then the effect of coupling is evaluated by 
comparing with the efficiencies in the electricity generation 
system of only plate. 

2. Analytical method 
 
2.1 Analytical model 

Fig. 1 shows the analytical model of a plate that is 
supported by translational and rotational springs. These 
springs are distributed at constant intervals and the support 
conditions are determined by the translational spring stiffness 
T and the rotational spring stiffness R. The plate whose radius 
and thickness are denoted by rc and hc, respectively, have a 
Young’s modulus Ec and a Poisson’s ratio nc. Piezoelectric 
element is installed at the center of the plates and have radius 
rp, thickness hp, Young’s modulus Ep, and Poisson’s ratio np. 
Then an electrode plate that is made of brass is sandwiched 
between the above plate and piezoelectric element and has 
radius rb, thickness hb, Young’s modulus Eb and Poisson’s ratio 
nb. The suffixes c, p and b denote the circular plate, 
piezoelectric element and electrode plate. The coordinates are 
radius r and angle q on the plate and z indicates the direction 
vertical to its surface. The plate was excited by the periodic 
point force F at distance re and angle qe after the rq 
coordinates and its natural frequency was employed as the 
excitation frequency. However, the excitations combined with 
other frequency components were also assumed. 

The flexural displacement of the plate is denoted by wc 
and the displacement of the piezoelectric element installed on 
the plate is denoted by wp. Their displacements are expressed 
by Eq. (1) as suitable trial functions and have the plate mode 
𝑋!"# 	of Eq. (2). wp is identical to wc, because it is assumed that 
the piezoelectric element adheres completely to the plate 
through the electrode plate. 

𝑤$ = 𝑤% =%% % 𝑋!"# 𝐴!"#
&

"'(

&

!'(

'e)*!+ + e)*"+
,

#'(

													 

+･･･ + e)*#+*, 𝑘 = 1, 2, ･･･	,								(1) 
𝑋!"# = sin(𝑛𝜃 + 𝑠𝜋 2⁄ ) (𝑟 𝑟$⁄ )",               (2) 

where n and m are the circumferential and radial orders and s 
is symmetry index with respect to the vibration mode. 𝐴!"#  is 
coefficient to be determined and correspond to the amplitude 
of the flexural displacement. w1 is the angular frequency in the 
 
 
 
 
 
 
 
 
 
 

Fig. 1 Configuration of analytical model. 
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natural mode (0,0), which is denoted by (n,m) mode, and 
corresponds to the angular frequency of the harmonic point 
force acting on the plate. Therefore, 𝜔-, 𝜔., ･･･, 𝜔/ 
correspond to the angular frequencies of point forces added to 
the harmonic point force and t is the elapsed time. 

With respect to the the piezoelectric element on the plate, 
the electric field Ep, which occurs in the above direction of the 
piezoelectric element, is expressed as follows: 

𝐸% = 𝑌!"𝑣% = −𝑅%𝑞̇%																																																												 
  = j𝜔𝐵!"# De)*!+ + e)*"+ + ･･･ + e)*#+E.       (3) 

vp is the voltage that occurs in the electric field. The electric 
potential across the piezoelectric element is constant since it 
is assumed that it does not reach the plate, so that Ynm is 
defined as Equation (4). Rp is the overall resistance value in 
an electricity generation circuit. The magnitude of the electric 
charge qp depends on the coefficient 𝐵!"# 	that is determined in 
this analysis as with 𝐴!"# . 

𝑌!" = F
−1 ℎ%⁄ ,			ℎ$ 2⁄ + ℎ0 < 𝑧 < ℎ$ 2⁄ + ℎ0 + ℎ%,

0,											 −ℎ$ 2⁄ < 𝑧 < ℎ$ 2⁄ + ℎ0,
  (4) 

	𝑞% = 𝐵!"# De)*!+ + e)*"+ + ･･･ + e)*#+E.            (5) 

To consider electro-mechanical coupling between the 
plate and piezoelectric element, the elements 𝑀!""$

#  and 
𝐾!""$
#  of the mass and stiffness matrices can be defined as 

𝑀%!""1
# = N 𝜌%𝑋!"# 𝑋!"1# d𝑉%

2%
,																																		(6) 

	𝐾%!""1# = N 𝑧-𝑋!"#
"𝐸%4𝑋!"1# "d𝑉%

2%
.																									(7) 

The index m’ has a transposed relation to a radial order m, then 
rp and Vp denote the density and volume of the piezoelectric 
element, respectively. The respective elements of electro-
mechanical coupling and capacitance matrices are denoted by 
b and Cp and they are defined as follows: 

𝛽 = −N 𝑧𝜌%𝑋!"# 𝑒𝑌!"1d𝑉%
2%

,																																					(8) 

𝐶% = N 𝑌!"𝛾5𝑌!"1d𝑉%
2%

,																																													(9) 

𝑒 = 𝑑.,𝐸64,                            (10) 

e is the piezoelectric coupling coefficient that includes the 
piezoelectric strain constant d31, as described in Equation (10) 
and 𝛾5	 indicates the dielectric constant when a strain is 
constant. 
 
2.2 Governing equations of electro-mechanical coupling 
    To formulate the plate motion, Hamilton’s principle is 
applied to the analytical model: 

𝛿𝐻 = 𝛿N '𝑇$ + 𝑇% + 𝑇0 −𝑈$ −𝑈% −𝑈0 −𝑈# +𝑊*d𝑡 = 0
+!

+&
,

(11) 

where H is the Hamiltonian; Tc, Tp and Tb are the kinetic 
energy of the circular plate, piezoelectric element and 
electrode plate, respectively; and Uc, Up and Ub are their 
respective potential energies. Us is the elastic energy stored in 
the springs, and W is the total work done on the plate by the 
point force. Finally, t0 and t1 are two arbitrary times. On the 
other hand, if the first variation is carried out in terms of the 
piezoelectric part on the plate, we can obtain 

						𝛿 N '𝑇% −𝑈%*dt =
1
2N N D𝜌%𝑤̇%𝛿𝑤̇%

2%

+!

+&

+!

+&
 

																		−'𝐸%4𝜀% − 𝑒𝐸%*𝛿𝜀%+'𝑒𝜀% + 𝛾5𝐸%*𝛿𝐸%E𝑉%d𝑡,  			(12) 

where 𝑤̇%  is the vibration velocity of the piezoelectric 
element on the plate and 𝜀%	is the in-plane strain within that 
element.  

Here, the governing equation of electro-mechanical 
coupling with respect to the system is determined. This 
equation defines the mechanical motion and electrical 
characteristics of this coupling system. The motion equation 
of the plate was obtained by applying the flexural 
displacement wc of Eq. (1) to the Hamiltonian H of Eq. (11) in 
the same manner as Eq. (12) of the piezoelectric part. Then the 
motion of the plate having a piezoelectric part, which 
generates electricity by the plate vibration, is governed by the 
following Eq. (13): 

% cd𝐾$!""$
# (1 + 𝑗𝜂$) + 𝐾%!""$

# '1 + 𝑗𝜂%* + 𝐾0!""$
# ×

&

"$'(

 

𝐾0!""$
# (1 + 𝑗𝜂0) + 𝑟$𝐹#! i𝑇 + j

𝑚
𝑟$
l m
𝑚1

𝑟$
n𝑅op D𝑒7(*!+9:!) + 

𝑒7(*"+9:") + ･･･ + 𝑒7(*#+9:#)E − '𝑀$!""$
# +𝑀%!""$

# + 

𝑀0!""$
# *D𝜔,-𝑒7(*!+9:!) +𝜔--𝑒7(*"+9:") + ･･･ +	 

𝜔/-𝑒7(*#+9:#)Eq𝐴!"$
# − % 𝛽𝑣%𝐵!"$

# D𝑒7(*!+9:!) +
&

"$'(

 

𝑒7(*"+9:") + ･･･ + 𝑒7(*#+9:#)E 
= 𝐅𝒏𝒎𝒔 D𝑒7(*!+9:!) + 𝑒7(*"+9:") + ･･･ + 𝑒7(*#+9:#)E.     (13) 

𝐾$!""$
#  and 𝐾0!""$

#  are stiffness matrix elements of the 
structural and electrode plates, respectively. 𝑀$!""$

# 	 and 
𝑀0!""$
#  are also mass matrix elements of the respective parts. 

These are elements of the symmetrical matrices, since the 
index m’ has a transposed relation to m, as with 
𝑀%!""$
# 	 and 	𝐾%!""$

# . hc, hp and hb signify the structural 
damping factors of the end plate, piezoelectric element and 
electrode plate, respectively. Then Fsn is a coefficient that is 
determined by the indices n and s and 𝐅!"#  is a load vector 
that is applied to the plate as the point force. The details of the 
coefficient Fsn and the element 𝐹!"#  of the vector are as 
follows: 
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Fig. 2 Configuration of experimental apparatus: 
(a) without cylinder and (b) with cylinder. 

	𝐹#! = s
𝜋, at	𝑛 ≠ 0,
0, at	𝑛 = 0	and	𝑠 = 0,
2𝜋, at	𝑛 = 0	and	𝑠 = 1,

                 (14) 

𝐹!"# = N 𝐹𝛿(𝑟 − 𝑟?)𝛿(𝜃 − 𝜃?)
@'

𝑋!"# 𝑑𝐴$ .																				(15) 

Here, the point force is expressed by performing Eq. (15) 
including the delta function δ on the plate, whose area is 
denoted by Ac. 

On the other hand, the electricity generation behavior of 
the piezoelectric element is also governed by the following 
Equations (16): 

% 𝐶%A,
&

"$'(

𝛽𝐴!"$
# = % '𝑗𝜔𝑅% + 𝐶%A,*

&

"$'(

𝐵!"$
# .										(16) 

The relationship between 𝐴!"#  and 𝐵!"#  is applied to Eq. 
(13) and these coefficients can be derived by solving the above 
simultaneous equations. However, if the plate is excited by the 
point force of its natural frequency and the behavior is 
assumed to be harmonic, e)*+	could be eliminated in Eq. (13). 
    Since the flexural displacement wc is calculated by 
substituting 𝐴!"# 	 for Eq. (1), the vibration velocity 𝑤̇$  is 
derived from the following equation: 

𝑤̇$ = j𝜔%% % 𝑋!"# 𝐴!"# e)*+
&

"'(

&

!'(

,

#'(

.																								 (17)		

The mechanical power Pm supplied to the plate is obtained 
from the time history data of the products of the vibration 
velocity and the force at the excited point. The voltage vp is 
calculated by substituting 𝐵!"# 	 for Equations (3) and (5), 
when the piezoelectric element generates electricity by the 
plate vibration. Then the electric power Pe is also obtained 
from the time history data of the products of its voltage vp and 
the electric current corresponding to vp. 
 

3. Experimental apparatus and method 
 

    In the experimental study, a circular aluminum plate was 
employed and was sandwiched between two flanges fastened 
by bolts to emulate the analytical model, as shown in Fig. 2(a). 
The flanges have a short steel cylinder, respectively, to fix the 
plate on their end faces. Although the cylinder on the 
excitation side is very short not to prevent the installation of a 
small vibrator and is similar to a ring, another cylinder have 
somewhat longer length to disturb an inflow of the acoustic 
radiation from the excitation side. The plate had the radius rc 
of 153 mm and the thickness hc was changed as in 2.0, 2.5, 3.0 
and 4.0 mm. The point force was applied to the plate by the 
small vibrator, the amplitude F was set to 1 N. The excitation 
was carried out not only near the natural frequency of the (0,0) 
mode but also by a random wave. Then the position of the 
point force re was 61 mm and was set to re/ rc = 0.4 by means 

of normalizing by radius rc. 
    The	 point	 force	 F	 was	 measured	 by	 the	 load	 cell	
embedded	 with	 the	 excitation	 stick,	 which	 was	 short	 as	
much	as	possible	between	the	plate	and	load	cell	to	avoid	
the	influence	of	its	additional	mass.	The	acceleration	ae was	
measured	by	the	acceleration	sensor	that	was	installed	in	
close	proximity	of	the	excitation	position.	Because	F	and	ae	
were	 time	 history	 data,	 the	 vibration	 velocity	 𝑤̇$ 	 was	
calculated	 from	ae.	 The	mechanical	power	Pm	 supplied	 to	
the	 plate	 by	 the	 small	 vibrator	 was	 estimated	 from	 the	
relationship	between	F and	 𝑤̇$ .	 	

The piezoelectric element used to perform the electricity 
generation experiment was comprised of a circular 
piezoelectric part constructed of ceramics and a circular 
electrode part constructed of brass. The piezoelectric and 
ceramics parts had radiuses rp and rb of 12.5 and 17.5 mm and 
thicknesses hp and hb of 0.23 and 0.30 mm, respectively. The 
piezoelectric element was installed at the center of the plate as 
with the analytical model. The voltage vp, which was 
generated with the expansion and contraction of the 
piezoelectric element on the plate surface derived from the 
flexural vibration of the plate, was measured by FFT analyzer 
and was also time history data.  

The	 piezoelectric	 element	 was	 incorporated	 in	 the	
resistance	circuit,	which	was	composed	of	 three	resistors	
having	 resistances	 Rv,	 Ri,	 and	 Rc.	 Rv	 and	 Ri	 are	 the	
resistances	 of	 the	 voltmeter	 and	 ammeter,	 which	 are	
incorporated	into	the	power	meter	9,	and	were	2	MW	and	
2	 mW,	 respectively.	 However,	 Rc	 is	 the	 resistance	 of	 the	
resistor	to	consume	the	generated	electric	power	and	was	
mainly	 97.5	 kW,	 and	 then	 the	 resistor	 was	 connected	
outside	 the	 power	 meter.	 Because	 the	 piezoelectric	
element	 is	 assumed	 to	 be	 incorporated	 in	 the	 electrical	
circuit	of	the	energy-harvesting	device	and	to	be	connected	
in	series	with	the	resistance	 for	power	consumption,	 it	 is	
natural	that	an	electrical	current	is	in-phase	to	the	voltage.	 	
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Table 1 Mechanical and electrical properties. 
 

Therefore,	 the	 electric	 power	 Pe	 was	 proportional	 to	 the	
square	of	vp	 and	could	be	obtained	 from	only	 the	voltage	
because	of	Ohm’s	law.	Just	in	case,	Pe	was	also	measured	by	
the	power	meter	as	well.	 	

To	utilize	an	acoustic	energy	radiated	 from	the	plate	
because	 of	 the	 improvement	 of	 the	 electricity	 generation	
performance,	 a	 steel	 cylinder	 and	 the	 same	 plate	 were	
added	in	the	above	electricity	generation	system	and	this	
was	constructed	of	three	systems,	which	were	the	excited	
plate,	 cylindrical	 enclosure	 and	 non-excited	 plate,	 as	
shown	in	Fig.	2(b).	The	application	of	mechanical-acoustic	
coupling,	which	is	caused	between	the	plate	vibrations	and	
an	 internal	 sound	 field	 into	 the	 cylindrical	 enclosure	 by	
subjecting	one	side	of	each	plate	to	a	harmonic	point	force,	
is	 expected	 to	 the	 improvement	 of	 the	 electricity	
generation	 performance.	 The	 coupling	 situation	 was	
grasped	 from	 the	 estimation	 of	 the	 internal	 acoustic	
characteristics,	 which	 was	 involved	 directly	 in	 coupling.	
Therefore,	although	the	sound	pressure	level	in	the	cavity	
was	measured	using	condenser	microphones,	a	probe	tube	
was	attached	to	each	microphone	not	to	prevent	the	sound	
wave	 propagation	 inside	 the	 cavity.	 Because	 the	 sound	
pressure	level	is	maximized	near	both	end	plates	when	the	
sound	field	becomes	resonant,	the	tips	of	the	probe	tubes	
were	 located	 near	 the	 plates	 and	 the	 cylinder	 wall.	 The	
measuring	 items	 except	 the	 sound	 pressure	 level	 were	
carried	out	in	the	same	manner	as	those	of	the	electricity	
generation	experiment	of	only	the	plate.	

 
4. Results and discussion 

 
4.1 Influence of plate thickness and support condition 
electricity generation characteristics 

The plate and piezoelectric element were the same as the 
experimental apparatus in the respective dimensions, and had 
the mechanical and electrical properties shown in Table 1. The 
plate radii rc were constant at 153 mm, and the plate thickness 
hc ranged from 1.0 to 10 mm. The analysis herein was based 
on the assumption of a thin circular plate, specifically, the 
stress was assumed as the plane stress field, so that the stress 
was not considered in the direction normal to the plane. 
Therefore, because the stress was increased relatively in the 
plate thickness direction with increasing hc, it was supposed 
that the deviation between the analytical and actual situations 
 
 
 
 
 
 
 

might be expanded as hc increased. However, since it was 
difficult to specify the range in which the circular plate could 
be regarded as a thin-walled plate, hc was set to the above 
range in order to cover the range of the thin-walled. 

The support conditions of the plates, which had flexural 
rigidity D [= Ehc3/{12(1-n2)}], were expressed by the 
nondimensional stiffness parameters Tn (= Trc 3/D) and Rn (= 
Rrc/D). If Rn ranged from 0 to 108.0 when Tn was 108.0, the 
support condition could be assumed from a simple support to 
a clamped support. The plate was subjected to the point force 
Fe that was set to 1 N and was located at re/rc = 0.4, as with 
the excitation experiment. 

Fig. 3(a) and (b) show the mechanical power Pm supplied 
to the plate by the small vibrator and the electric power Pe, 
which are regarded as electricity generation characteristics, as 
functions of the plate thickness hc with changing Rn. Both of 
Pm and Pe are maximized at hc = 1.0 mm and decrease rapidly 
with increasing hc. When Rn increases from 101.0, the flexural 
displacement is suppressed due to reinforcing the rigidity of 
the whole structure, as the result that Pm and Pe have a 
decreasing trend. Although these have the similar tendency, 
the relative tendency to decrease Pe with increasing hc is 
somewhat extreme in comparison with that of Pm. Here, when 
the plate, whose Rn is 0 and 108.0, is subjected to a point force 
at the plate center, the flexural displacement and bending 
stress are considered in the statics. The flexural displacement 
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Fig. 3 Variations in (a) mechanical power and (b) electric 
power with changing plate thickness. 
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Fig. 5 Variations in (a) natural frequency, (b) mechanical 
power and (c) electric power with changing rotational 
stiffness. 

at the center is denoted by wsm and wcm, which are derived from 
Rn = 0 and 108.0, respectively, and then the bending stress at 
the center is denoted by 𝜎#"  and 𝜎$" . These flexural 
displacement and bending stress can be calculated as follows: 

𝑤#" =
3 + 𝜈$
1 + 𝜈$

𝐹𝑟$-

16𝜋𝐷,																																																										(18) 

𝑤$" =
𝐹𝑟$-

16𝜋𝐷,																																																																							(19) 

𝜎#" =
𝐹
ℎ$-
F0.477 + (1 + 𝜈$) j0.485 ln

𝑟$
ℎ$
+ 0.52l�,			(20) 

𝜎$" =
𝐹
ℎ$-
(1 + 𝜈$) j0.485 ln

𝑟$
ℎ$
+ 0.52l.																						(21) 

 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4 Electricity generation efficiency as function of plate 

thickness with changing rotational stiffness.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Pm depends on wsm and wcm, having been obtained from 
the product F and 𝑤̇$ . According to Eqs. (18) and (19), a 
decrease rate wcm/wsm is constant despite of changes in hc, so 
that the rate of decrease in Pm is also maintained at the constant 
ratio. On the other hand, Pe depends on 𝜎#" and 𝜎$", having 
been involved directly with the in-plane strain. The decrease 
rate 𝜎$"/𝜎#" decreases with increasing hc, being calculated 
actually based on Eqs. (20) and (21). In other words, the rate 
of decrease in Pe increases with hc. In view of these situations, 
it is possible to explain a slight difference between variations 
in Pm and Pe with changing hc. 

In addition, to consider this relationship between Pm and 
Pe, the electricity generation efficiency Pem is defined as 
follows: 

𝑃?" =	
𝑃?
𝑃"
	× 100	[%].																																																	(22) 

Because Pem that corresponds to above Pm and Pe is indicated 
in Fig. 4, which has the same manner as Fig. 3, it is natural 
that Pem behaves in tendency similar to the above powers. 
However, Pem suppresses considerably the variation rate with 
hc in comparison with those of Pm and Pe and is clearly 
different with changing Rn in the whole range of hc. Pem 
decreased with increasing Rn as with Pm and Pe, whereas those 
did not obey that decrease trend, so that the influence of Rn on 
electricity generation characteristics is considered in some 
detail.  

Here, the plate of hc = 3.0 mm is taken up and not only 
Pm and Pe but also its natural frequency fe attract attention with 
changing Rn in Fig. 5. fe is around 160 Hz and is almost 
constant up to the vicinity of Rn = 10-0.5 from Rn = 0, which is 
identical to the simple support and is not exhibited in Fig. 5(a). 
fe increases until around 320 Hz with increasing Rn after that 
and is maintained up to Rn = 108.0. Pm is around 11.5 mW and 
is almost constant up to the vicinity of Rn = 10-0.5 when Rn 
increases, as shown in Fig. 5(b). After that, Pm increases with 
Rn and is maximized (13.3 mW) around Rn = 100.2. Then Pm 
turns to decreases and reaches around 6.15 mW, and then it is 
maintained up to Rn = 108.0. We can make sure that Pe has the 
behavior similar to Pm from Fig. 5(c) and Pm and Pe behave in 
a quite different manner from fe. 

 
4.2 Influence of additional force on electricity generation 
characteristics 
    In the previous section, Fe that was derived from the 
natural frequency fe was regarded as the excitation force. Here, 
a new situation, in which another excitation force Fa is added 
to Fe, is assumed and the excitation frequency of Fa is denoted 
by fa, and then Fa/Fe is regarded as the excitation force ratio 
that is denoted by FR. In this case, Tn = 108.0 and Rn = 101.0 are 
adopted to get closer to the experimental support conditio 
Fig. 6 shows the mechanical power Pm as functions of fa when 
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Fig. 6 Mechanical power as function of additional 
excitation frequency with changing plate thickness. 

Fig. 9 Variations in Q values with changing plate thickness: 
(a) mechanical and electric powers and (b) electricity 
generation efficiency. 
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FR =1.0 and hc = 2.0, 3.0 and 4.0 mm. Pm reaches the respective 
peaks when fa is identical to fe and the peak values decrease in 
order of hc = 2.0, 3.0 and 4.0 mm as with Fig. 3(a). However, 
Pm decreases rapidly due to separating fa from fe no matter 
what hc is.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

    Pe is also indicated in Fig. 7, which is shown in the same 
manner as Fig. 6, and tends to vary similarly to Pm. However, 
the rate of decrease in Pe is greater than that of Pm and this is 
because  Pm  and P e  were  involved wi th  the  f lexural 
displacement and bending stress, respectively, as explained in 
Eqs. (18) – (21). Specifically, we can make sure of the 
following relationships by taking notice of Eqs. (19) and (21) 
based on the clamped support. The rate of variation in the 
flexural displacement is proportional to the cube of plate 
thickness ratio and the bending stress is less in the variation 
rate  with the plate  thickness rat io than the f lexural 
displacement. However, by taking into consideration the strain 
energy, which is proportional to the square of bending stress, 
it is valid that Pm and Pe have the above decreasing trend with 
increasing hc. Then Fig. 8 shows the electricity generation 
efficiency Pem, which was calculated from Pm and Pe, as 
functions of the excitation frequency fa of the additional point 
force Fa. The rate of variation in Pem with hc is moderated in 
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Fig. 8 Electricity generation efficiency as function of 
additional excitation frequency with changing plate 
thickness. 

Fig. 7 Electric power as function of additional excitation 
frequency with changing plate thickness. 
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Fig. 10 Variations in Q values with changing excitation 
force ratio: (a) mechanical and electric powers and 
(b) electricity generation efficiency. 
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comparison with those of Pm and Pe which were relatively 
close, because Pem was obtained from dividing Pe by Pm. In  
order to consider not only the respective values but also 
generation situations of the respective peaks, Q value was 
adopted and was defined as follows: 

𝑄 =	
𝑓?

𝑓- − 𝑓,
,																																																														(23) 

where f2 - f1 is half-value width with respect to the respective 
peaks in Figs. 6 – 8. 
    Fig. 9 shows such a Q value as functions of hc on 
condition that Pm and Pe (Fig. (a)) and Pem (Fig. (b)) are 
indicated by means of separating figures, because Q in Pm and 
Pe is greater and varies in the more extensive range than that 
of Pem. In general, Q value is a dimensionless quantity to 
express a state of vibration system and is the quantity dividing 
energy stored in the vibration system by energy dissipated 
from the system in a period. In other words, this value is also 
index to express the sharpness of peaks and such a function 
was utilized here. Although the natural frequency fe was 
proportional to hc, since Q in Pm also increases linearly with 
hc, it may look like promoting the sharpness of Pm with 
increasing hc. Although the variation rate fe / hc was around 
94.0, Q / hc is around 42.1. In order to make Q behave like fe, 
Q / hc needs to be increased up to around 73.5, and that value 
is based on the assumption that the half width at hc = 1.0 mm 
is maintained in the whole range of hc. However, because Q / 
hc is much smaller than not only fe / hc but also 73.5, actually, 
the sharpness of Pm peaks becomes dull gradually with 
increasing hc.  
    Although Q in Pe increases with hc as with that in Pm, its 
increase rate decreases gradually with increasing hc. In other 
words, the sharpness of Pe peaks becomes dull more rapidly 
with increasing hc. On the other hand, Q in Pem ranges from 25 
to 35 and distributes in the lower range than those in Pm and 
Pe, so that the sharpness of Pem peaks becomes duller than that 
of Pm and Pe peaks. Then changes in Q of Pem are suppressed 
in comparison with those of other cases, in particular, its Q 
turns to a decreasing trend beyond hc = 3.5 mm and the 
situation to dull the sharpness of Pem peaks is promoted more 
strongly. The tendencies mentioned above correspond to 
variation tendencies of the peaks in Figs. 6 – 8. 
    Up to here, the original point force Fe was coincident with 
the additional point force Fa, i.e., the excitation force ratio FR 
that is 1.0 was regard as the analysis condition. Therefore, 
shifts in Q values with respect to Pm, Pe and Pem herein were 
considered when hc = 3.0 mm and the FR range of 0.01 to 1.0. 
Q in Pm and Pe is shown in Fig. 10(a) and Q in Pem is shown in 
Fig. 10(b). In these cases, since fe is set to 278.6 Hz and is 
constant, the consideration against changes in fe, which was 
taken in Figs. 6 – 8, is ignored. Although Q in Pm increases 
greatly with FR up to FR ≃ 0.35, its increase is weakened after 

that and it converges to the vicinity of 159. Also increasing 
with FR, Q in Pe is smaller than that of Pm and behaves more 
monotonously. 
    Q in Pem decreases gradually with increasing FR and 
presents a totally reverse tendency against those in Pm and Pe. 
This takes place in the lower range of Q as well as that of 
changes in hc, so that the peaks of Pem become duller with 
increases in hc and FR than those of Pm and Pe. In other words, 
it is suggested that Pem becomes more insensitive with 
increases in additional forces than Pm and Pe. 

 
4.3 Electricity generation efficiency for random excitation 
    In previous section, the electricity generation 
characteristics attracted attention on condition that the plate 
was subjected to two point forces, whose frequencies were 
different. Considering the actual vibration environment, we 
want to aim to apply random excitation to this electricity 
generation system. However, the application of the random 
excitation to the analytical model was hard in reason why our 
computer performance lacked in calculation capacity and 
speed. Therefore, the electricity generation efficiency Pem 
under the random excitation was estimated from the 
experimental results. 

Pem that was obtained from the electricity generation 
experiment in Fig. 2(a) is indicated with changes in the plate 
thickness hc by black circle and line in Fig. 11(a). Pem 
decreases with increasing hc and has the tendency similar to 
theoretical value of Tn = 108.0 and Rn = 101.0 in Fig. 4, being 
smaller than theoretical value that did not take into 
consideration the acoustic radiation derived from the plate 
vibration. Then a part energy of such an acoustic radiation can 
be scavenged by causing air column resonance within a cavity. 
Specifically, mechanical-acoustic coupling is caused not only 
between the plate vibration on the excitation side and the 
internal acoustic field but also between the plate vibration on 
the non-excitation side and the internal acoustic field, as 
shown in Fig. 2(b). In actual experiment, the end plates of the 
same thicknesses were chosen and then cylinder length L at 
which coupling is promoted was set. Such a Pem is drawn by 
red circle and line in Fig. 11(a) and presents a totally reverse 
tendency against the above results without the cavity, as the 
result that we can confirm the improvement of electricity 
generation characteristics by means of coupling. 

The results based on applying the random excitation to 
the plate of Fig. 2(a) are shown by blue circle and line in Fig. 
11(b). Although Pem of the random excitation decreases 
gradually with increasing hc and has the behavior similar to 
that of the excitation by the natural frequency, its values are 
suppressed more extremely than those of the excitation by the  
natural frequency. However, when hc = 3.0 mm in Fig. 8, if it  
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Fig. 11 Variations in electricity generation efficiency with 
changing plate thickness: (a) harmonic excitation and 
(b) random excitation. 

Fig. 12 Electricity generation efficiency as functions of 
cylinder length under random excitation. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
is considered that Pem was 8.19 × 10A- and 0.167 % at fa = 
128.6 and 428.6 Hz, which are the upper and lower limits in 
the analytical frequency range of fa, respectively, it is realized 
that these experimental results are valid. In other words, the 
additional excitation, whose frequency goes away from the 
natural frequency, gets closer rapidly to the situation of the 
random excitation. The random excitation was applied to the 
experimental apparatus of hc = 3.0 mm with the cavity in Fig. 
2(b) and its Pem is shown with changes in the cylinder length 
L in Fig. 12. However, the coupling effect that was exhibited 
in Fig. 11(a) is not verified from this result, so that a new 
method to improve electricity generation characteristics needs 
to be attempted. 
 

5. Conclusion 
 
    In this study, an electricity generation system, which 
consisted of a circular plate with a piezoelectric element 
installed at its center, was examined. The plate was subjected 
to the point force of the natural frequency, which was derived 
from the plate material, dimensions and support condition, in 
the case of the original application. To assume the application 
of this electricity generation system to actual environment, the 
point force, whose frequency was different from the natural 
frequency, was added to the original point force. Then the 
excitation force ratio, which was determined by dividing the 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
additional point force by the original point force, was defined. 
The mechanical power supplied to the plate, the electric power 
in the electricity generation and the electricity generation 
efficiency derived from those powers were considered as 
electricity generation characteristics from theoretical analysis 
under such an excitation condition. As a result, the respective 
values of electricity generation characteristics decreased 
rapidly with changes in the additional excitation frequency 
that went away from the natural frequency. Then it was 
verified that such an additional excitation got closer to the 
situation of the random excitation from the electricity 
generation experiment, and then from the estimation based on 
Q value, the electricity generation efficiency became more 
insensitive against shifts in the additional excitation frequency 
than the above two powers and also became insensitive with 
increases in the plate thickness and excitation force ratio. 

To improve the electricity generation characteristics by 
using the acoustic radiation power derived from the plate 
vibration, a cylinder that had the above plates at both ends was 
adopted, and the mechanical–acoustic coupling between the 
plate vibrations and internal sound field was used. In the case 
of the excitation by the natural frequency, the improvement of 
the electricity generation efficiency by coupling was promoted 
with increasing the plate thickness. However, although the 
application of the random excitation to this system suppressed 
the electricity generation characteristics more extremely than 
those of the harmonic excitation, the characteristics were 
hardly improved only by mechanical-acoustic coupling. 
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