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Abstract
We consider blow-ups of the product of a projective space and
a projective line. We assume that the center consists of points in a
special position, that is, all points lie on a fiber isomorpic to projective
line. In this note, we describe explicitly the nef cones of such blow-ups.
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1 Introduction

In algebraic geometry, several cones are defined on varieties. The study of
their behavior under birational maps, such as blow-ups, is an interesting
problem. For a projective variety X, one of the important cones is the nef
cone of X, denoted by Nef(X), whose elements are the numerical equivalence
classes of divisors having non-negative intersection numbers with any curve
on X.

The papers [1],[2] and [3] consider the blow-ups at general points in pro-
jective spaces or products of projective spaces, and describe several objects
including the nef cones. In this note, we determine the nef cones of blow-ups
at special points in the product of a projective space and a projective line.

We work over the field of complex numbers.

Theorem 1.1. Let Y be the product P* x P! withn > 1. Letw: X =Y
be the simultaneous blow-up at k points lying on a fiber of the projection

Y — P". Let Ey,--- , E}y be the exceptional divisors. Then, we have
k
Nef(X) = RT[H]+RF[L]+) ( >  RYH+rL-E,—-— E]) ,
r=1 \1<i <-<ir<k

where H = 1*Opnyp1(1,0) and L = 7 Opnyp1(0, 1).

Remark. If p:Y — P and ¢ : Y — P! are two projections, we have
O]pnx]pl(l, O) = p*O[pm(]_) and Opnxpl (O, ].) = q*O]pl(l)
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2 Preliminaries

Let X be a smooth projective variety and let D be a divisor on X. The
intersection number of D with a curve C' on X can be defined as:

D - C :=deg(D|c).

Assume that D is a prime divisor. If C'is not contained in D, we have
D -C > 0. If C is contained in D, the intersection number can be negative.
Indeed, if X is the blow-up at a point of a smooth projective variety, we have
D - C < 0 for the exceptional divisor D and any curve C' C D. We refer to
[4] for the notions of divisors, blow-ups, etc.

Two divisors Dy and Dy on X are said to be numerically equivalent if
Dy -C = D, -C for any curve C' on X. The symbols ~ and = stand for the
linear and numerical equivalence, respectively. Note that D; ~ Dy implies
D, = D,. The numerical equivalence class of D is denoted by [D].

From now on, we consider R-divisors, i.e. divisors whose coefficients are
real numbers. The notion of intersection number is naturally extended to
R-divisors. We define a[A] + b[B] := [aA + bB] for real numbers a,b and
R-divisors A, B. The set N'(X)g of all numerical equivalence classes of R-
divisors on X forms a finite dimensional vector space over R and is called
Néron-Severi space.

An R-divisor D on X is called nefif D -C > 0 for any curve C' on X.
The nef cone of X is defined by

Nef(X) := {[D] € N'(X)g | D is nef }.

In general, a subset C of a vector space V' over R is a convex cone if au+bv € C
for any u,v € C and a,b € R™ = {x € R | z > 0}. We see that Nef(X) is
a convex cone in the vector space N'(X)g. Note also that the nef cone is
closed in the Euclidean topology. See [5] for details on Néron-Severi spaces,
nef cones, etc.

For example, we have Nef(P") = RT[H] where H is a hyperplane on P".
This follows from the fact that any divisor on P” is linearly equivalent to a
multiple of a hyperplane. In this note, the symbol Opx(1) is used to denote
a hyperplane on P". Hence, we may write Nef(P") = R*[Opx(1)].

Another simple example is the following:

Proposition 2.1. Let y be a point in P™ withn > 2. Let w : X — P" be the
blow-up at y. Then, we have

Nef(X) = RT[7*Opn (1)] + R [7*Opn (1) — Exc(r)],

where Exc(m) = w1 (y) is the exceptional divisor.
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Proof. Since Opn(1) is nef, so is the pull-back H := 7*Opn(1). Put
E := Exc(m). We show that H — F is also nef. Let A be an irreducible curve
on X. f AC E, we have E-A<0Oand H-A=0. Hence (H—-FE)-A>0.
Assume A ¢ E. Consider the curve B := w(A). Then, we have

(H—FE)-A=0Opn(l)- B—mult, B >0.

Conversely, let D be a nef divisor on X. Since N'(X)gr = R[H|+R[E], there
exist (not necessarily positive) real numbers z, y such that D = xtH+yE. Let
m be a line in P" passing through the point y. Let [ be its strict transform
(i.e. the closure of 771(m \ {y}) in X). Let e be a line in £ ~ P"~!. Then,
we have

<Dl = zH-l+yE-l=x+y,

0<D-e = zH -e+yE -e=—y.

Hence, [D] = (x + y)[H] + (—y)[H — E] € R*[H] + R*[H — E]. O

The following is useful to determine the structure of nef cones.

Proposition 2.2. Let X be a smooth projective variety and let Dy,--- , D,
be smooth prime divisors on X. Consider a divisor D := myDy+---+m,D,
withmy, -+ ,m,. > 0. Let N be a nef divisor on X. If [N+ D)|p,] € Nef(D;)
forany i€ {1,--- r}, then [N + D] € Nef(X).

Proof. Let C be a curve on X. If C' C D; for some i € {1,--- ,r}, then
(N+D)-C=(N+D)|p,-C=>0.
If C ¢ D;forany i€ {1,---,r}, then
(N+D)-C=N-C+mDy-C+-+mD,-C>0+40+--+0=0.

O

3 Proof of Theorem

We use the following notation.

Put Y :=P" x P! withn > 1. Let p: Y — P* and ¢ : Y — P! be two
natural projections. Note that Opnypi(1,0) = p*Opn (1) and Opnyp1(0,1) =
¢*Op1 (1) are nef divisors on Y. Let hg be afiberof p : Y — P™. Let yy,- -+, yx
be k distinct points on hg ~ P. Put M; := ¢ '(q(y;)) and let m; be a line
in M; ~ P" passing through the point y; (i =1, -+ k).
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Let 7 : X — Y be the blow-up at the points yy, -+ , yr. Put E; := 7 (y;)
and let e; be a linein F; ~P" (i =1,--- k). Put H := 7*Opnyp1(1,0) and
L := 1 Opnyp1(0,1). Note that H and L are nef divisors on X. Let h{ be
the strict transform of hg. Let L; and [; respectively be the strict transforms
of My and m; (1 =1,--- k).

Lemma 3.1. We have the following table of intersection numbers.

H L|E E E,
Mo 1] 1 1 -~ 1
Ll 0[1 0 0
L1 0]0 1 0
L1 0/ 0 0

4]0 0]—1 0 ---
&0 00 —1 - 0
|0 00 0 - —1

Proof. Since hy passes through yi,--- ,yx, we have E; - hj = 1 for any
ie€{l,---,k}. Foreachi € {1,---  k}, we have E; - [; =1 and E; -[; =0
for j # i because y; € m; and y; ¢ m;. The other intersection numbers are
obvious. O

Lemma 3.2. Let r be an integer such that 1 < r < k. Assume 1 < 11 <
<4, <k. Then, H+rL—E;, —---— E; s nef.

Proof. Fix i € {i1,---,i.}. If n = 1, we have the isomorphism 7|, :
Li=1; = M; = m; ~ P! and (H — E;)|;, = 0, which is nef. If n > 2, the
restriction map |, : L; — M; ~ P" is the blow-up at y;. By Proposition 2.1,
(H—=E))|r, = (7|,)*Opn(1) — Exc(7]y,) is nef. For j # i, we have L;|;, ~ 0.
On the other hand, L;|;, ~ —E;|1, because L; ~ L— E; and L|;, ~ 0. Hence,

[H + Liy + -+ Ly ]

By Proposition 2.2, we conclude [H + L;, +--- + L; | € Nef(X). Thus, we
are done, because

H+rL-E;,—--—E, =H+(L-E;))+---+(L—E;)~H+L;,+---+1Lj;,.

]
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Now, we prove Theorem. We put
R*[A, B, ,C] ;== RY[A] + R*[B] + --- + RT[C].

Recall that H and L are nef. By Lemma 3.2 above, we have the inclusion:

k
RY[H, L]+ V., C Nef(X),

r=1

where
Vo= > RYH+rL-E,—-—E]

1<ig < <ir <k

Let D be an R-divisor on X. Since N'(X)r = R[H] + R[L] + Zle R[E],

there exist real numbers a, b, cq, - - - , ¢ such that

D=aH +bL —cFEy— - —c,E,.
Assume that D is nef. In particular, for the curves hy,ly, -, I, e1, -, e,
we have

D-hy>0,D-1; >0, D-¢;, >0 (i=1,---,k).
By Lemma 3.1,
b—ci— - —c>0,a—¢;>0,¢>0 (i=1,--- k).
Consider the case in which ¢; > ¢y > - -+ > ¢;,. We have

D = aH+bL —cEy—coFEy— -+ —c, B
= (a—c)H+(b—c1—co—---—c)L
+(c1 —c)(H+ L — Ey)
(s — e3)(H + 2L — Ey — Ey)

+(Ck,1 — Ck)(H -+ (k — 1)L — E1 — E2 — e — Ek,l)

+op(H+ kL — By — Ey — -+ — Ey).
It follows that
[D]e R*[H,L,H+L—FEy,--- ,H+kL—E — FEy—--- — Ey].
Similarly, if cy(1) 2 ¢o2) = -+ 2 cor) for a permutation o, we have
(D] e RT[H,L,H+ L — E,1y,-++ ,H+ kL — E,1y — Ey2) — -+ — Ey)).



Toru Tsukioka

Therefore, in any case we have

(D] € RT[H, L]+ > V.

r=1

This completes the proof.

Remark. In general, a half line R in a convex cone C is called extremal
ray, if u+v € R implies w € R or v € R for any u,v € C. We see that every
half line appeared on the right side of the equality in Theorem is an extremal
ray of the cone Nef(X). Hence, the number of extremal rays of Nef(X) is
equal to 2+ YOF_ (5) =2~ + 1.

Note that the nef cone of the simultaneous blow-up at k£ points on a line
in P" (n > 2) consists of k+ 1 extremal rays. See [6] Lemma 2.2, whose proof
is valid for n > 3.
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