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Control factors on initial caldera geometry;
quantitative estimation by numerical simulation

Shigekazu KusuMOTO and Keiji TAKEMURA

Abstract

In this study we demonstrate that the important factors that control initial caldera geometry are the radius and
depth of the magma chamber and the elastic constants of the crust. We approximate the collapse of the magma
chamber by the contraction of a small sphere (point source) in an elastic medium, and calculate the surface
distribution of the rupture area using the Coulomb failure criterion under the assumption of an elastic-perfectly
plastic material. As a result, it was shown that the funnel and piston calderas can be formed by the same collapse
mechanism and physical processes, and the geometry of the caldera is controlled by the depth and radius of the
magma chamber and the proportionality coefficient in the linear relationship between the caldera radius and the
magma chamber depth. In the case that values of Poisson’s ratio, Young’s modulus, compressive strength and angle
of internal friction are given in the wide range covering almost all igneous rocks, it was found that the coefficient
is strongly dependent on the Poisson’s ratio. In addition, it was found that the volume change required for the caldera
formation is described by a third-power polynomial expression of the depth of the magma chamber. Although the
physical meaning of each coefficient is unknown at present, it was shown that the third degree of the polynomial is

the most important term.
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1. Introduction

Calderas are kilometre-scale volcanic depressions
by partial or total collapse of a magma chamber roof (e.
g., Smith and Bailey, 1968; Druitt and Sparks, 1984;
Lipman, 1997). Although the process of caldera collapse
depends on many factors, it is known that the key
element in caldera formation is the removal of mag-
matic support from the magma chamber, as a classic
formation mechanics (e.g., Anderson, 1936; Williams,
1941; Druitt and Sparks, 1984; Scandone, 1990; Lipman,
1997). In addition, properties of the host rock such as

load,
rheological properties play an important role for caldera
formation. (e.g., Folch and Marti, 2004; Pinel and
Jaupart, 2005; Trasatti et al., 2005).

The structures of calderas have been investigated

topographic pre-existing structures and

by both field studies and analogue models (e.g., Yoshida,
1984; Komuro, 1987; Kamata, 1989; Marti et al., 1994;
Lipman, 1997; Acocella et al., 2000, 2004; Roche et al.,
2000; Walter and Troll, 2001; Troll et «l., 2002; Holohan
et al., 2005). Recent laboratory experiments and field
studies have shown that piston- and funnel-type calderas
have the same collapse mechanism and general physical
processes. Namely, it was suggested that the size and
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depth of the magma chamber are important factors
governing the type of caldera (e.g., Roche et al., 2000;
Lipman, 1997).

On the other hand, numerical simulations have been
used to provide quantitative estimates of the distribu-
tion of the ring fault system associated with calderas
(Gudmundsson et al., 1997; Gudmundsson, 1998a;
Kusumoto and Takemura, 2003; Folch and Marti, 2004).
Numerical and analogue modellings have demonstrated
that both the geometry of the magma chamber and the
loading conditions play an important role in determining
caldera geometry and structure (e.g., Gudmundsson et
al., 1997; Gudmundsson, 1998a; Kusumoto and Takemur-
a, 2003; Acocella et al., 2004; Holohan et «l., 2005).
Kusumoto and Takemura (2005) showed that the neces-
sary contraction for the caldera formation is described
by fifth-power polynomial expression of the depth of the
magma chamber. However, it is difficult that the con-

traction of the magma chamber is the optimum index
for understanding caldera formation, as compared with
volume change. Thus, in this study, we attempted to
clarify the relationship between the depth and volume
change of the magma chamber and to estimate the
factors that control initial caldera geometry.

For the purpose of analysing and making the model
mathematically tractable, in our simulations, collapse of
the magma chamber is approximated by the volume
decrease of a small sphere (point source: Mogi model
(Mogi, 1958) ) in an elastic medium, while the distribution
of surface rupturing is calculated using the Coulomb
failure criterion under the assumption of an elastic-
perfectly plastic material (Fig.1). The elastic-plastic
boundary is assumed to be the location of the ring fault
that constructs the initial caldera.

The limitations of the point source model are well
known (e.g., McTigue, 1987; Gudmundsson, 1998a, 1998b;

Rupture area (ring fault)

Free surface
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Fig. 1

N

Elastic-perfectly
plastic material

Model of spherical magma chamber of radius @ and depth to centre d, where

7. is the horizontal distance from surface point located at the top of the
magma chamber to the rupture area (ring fault). The crust is assumed to be
an elastic-perfectly plastic material. J: angle between the centre of the
magma chamber and the initial caldera boundary. : angle between the initial
caldera boundary and the perpendicular line drawn from the edge of the

chamber to the surface.
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Trasatti et al., 2005). For example, the differences
between solutions derived from the point source model
and finite sphere model for a vertical deformation are
significant, and are much greater than the accuracy of
modern geodetic surveys. However, in this study we use
a point source model that facilitates mathematical
treatment rather than the finite sphere model and an
ellipsoidal model that is widely regarded as the typical
shape of a magma chamber. This choice is valid for the
purpose of our study, as the difference between the point
source model and finite sphere model solutions in terms
of the surface pattern of rupture area is minor and does
influence our (e.g.

not negatively investigation

Kusumoto and Takemura, 2005).
2. Model and Simulations

Considering the relationship between the internal
pressure change (Ap) of a sphere and volume change
(AV), Ap=uAV /7za®, the surface strain fields due to
radial deformation of a small sphere provided by
Kusumoto and Takemura (2005) are obtained as fol-
lows:

AV /1+2u< 3x2> o= AV A+2p < 733)2)
9 yw— 9

TR J+p N R? 2R At p R
AV 2 3d* 3AV A2 xy
o e TR T Ay R
SAV A2 vd 3AV A+2p xd

2TTORY by RTOT T R A+ R

where d, 2 and u are depth of magma chamber and
Lame’s constants, respectively, and R?2=x2+y*+d? In
this study, compression is positive and the decrease of
the internal pressure and volume of the small sphere is
positive, because phenomena due to the contraction of
the magma chamber are discussed. It is known that the
Lame’s constants have the following relationship with
Young’s modulus (£) and Poisson’s ratio (v) (e.g,
Jaeger et al., 2007):

1 (3A+2.) by A
Atp 2(A+ )

From these equations, we obtain the surface strain fields

E:

due to volume change of the magma chamber.

The strain field produced by contraction of the
sphere can be transformed into a stress field via Hooke’s
law. The stress field can then be evaluated using a
dimensionless factor F based on the Coulomb failure
criterion (e.g., Segall and Pollard, 1980; Jaeger et «al.,
2007), as follows:

956 &% 25 (2008)
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where o7 and o3 are the maximum and minimum principal
stresses, respectively, and ¢, and ¢ are the compressive
strength and angle of internal friction, respectively. As
the crust is assumed to react as an elastic-perfectly
plastic material, the area of F'>1 corresponds to the
rupture area.

Simulations were conducted assuming basaltic crust
with the following elastic constants: Poisson’s ratio of
0.25 (A =x), Young’s modulus of 40 GPa, and compres-
sion strength (¢,) of 160 MPa (e.g., Lama and Vutukuri,
1978; Gudmundsson, 1988; Yamaji, 2000). The angle of
internal friction was assumed to be 30°, consistent with
the observed angle for rock near the surface (e.g., Lama
and Vutukuri, 1978; Yamaji, 2000).

3. Volume change required for caldera
formation

Fig. 2 shows the relationship between depth and
volume change of the magma chamber at the first
formation of surface rupture area (ring fault). The
regression curve that explain the A1V -d relationship
was obtained by a least-squares fit of the data. The
AV -d relationship is given by

3
AV = Z:‘.Oxnd” 1)

where #,=5.63X1073, ,=—9.27X107°, »,=1.79X10"*
and »;=9.30x 1072 The volume change required for the
ring fault initiation is described by a third-power
polynomial expression of the depth of the magma cham-
ber, and is 0.04, 0.07, 0.26 and 1.18km?® in each case of
d=1.5,2.0, 3.0 and 5.0km. As we selected the lowest
degree consistent with the data, the physical meaning of
each coefficient is currently unknown. However, we
expect that equation (1) is free of serious error, as
the volume change required for caldera formation is
described by a polynomial of ¢ and the dimension of the
highest degree of the right hand of the equation (1) is
equal to the dimension of the left hand. In addition, the
magnitude of the coefficient of the highest degree is an
order of magnitude larger than the other coefficients.
Thus, the third degree of the equation is the most impor-
tant term.
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Fig.2 The AV -d relationship between depth and contraction of the magma chamber. The volume
change required for the initiation of caldera formation is described by a polynomial of 4.

4. Caldera radius and depth of magma
chamber

Fig. 3 shows the relationship between depth and the
horizontal distance (7.) from a surface point located at
the top of the magma chamber to the ring fault. There
are small dispersions in the data shown in Fig. 3.
Although these dispersions are caused by the numerical
instability due to rough spacing of the calculation point,
the dispersions do not give serious errors in the estima-
tion of the proportionality coefficient. The 7.-d relation
is given by

re=ad (2)

where @ =0.82. The proportionality coefficient, a, indi-
cates that the angle between the centre of the magma

18

chamber and the initial caldera boundary (¢; Fig. 1) is
always approximately 39.4°. We expect that the linear
relationship probably stems from the assumption of the
elastic-perfectly plastic material that stress is propor-
tional to strain below the yield stress. It would be free of
serious error to approximate the behaviour of the crust
as an elastic-perfectly plastic material, as caldera
collapse would occur readily.

In terms of dimension analyses, the proportionality
coefficient @ would be a dimensionless constant.

5. Proportionality coefficient «

Although the relationship shown as equation (2) has
been already given by Kusumoto and Takemura (2005),
the detailed discussions on this proportionality coefficient,
a, have not been carried out yet. Here, we attempted to
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Fig.3 The 7.-d relationship between depth and horizontal distance from the top of the magma
chamber to the rupture area. The radius of the initial caldera is dependent upon the depth

of the magma chamber.

discuss characteristics of the coefficient «.

We can expect that the proportionality coefficient
a is controlled by the compressive strength, angle of
internal friction, Poisson’s ratio and Young’s modulus,
as the coefficient is obtained via the Coulomb failure
criterion. As the compressive strength and Young’s
modulus are directly related to the development of
surface ruptures, we first calculated the sensitivity of «
to variations in these factors.

Calculations were performed following Calculation
I in Table 1. Namely, although the angle of internal
friction and Poisson’s ratio are constants of 30° and 0.25,
respectively, the compressive strength and Young’s
modulus are varied from 5 to 500 MPa (e.g., Lama and
Vutukuri, 1978; Yamaji, 2000) and from 10 to 100 GPa
(e.g., Lama and Vutukuri, 1978; Turcotte and Schubert,

956 &% 25 (2008)

1982), respectively. Fig. 4 shows the result of the calcula-
tion I. For a small compressive strength, « is strongly
dependent on the magnitude of the Young’s modulus,
however, for compressive strength of >35 MPa, there is
no characteristic distribution on «. Fig.5 provides a
histogram of «. The frequency count of « has a peak
between 0.82 and 0.83, with the minimum, average and
maximum values of « being 0.78, 0.82 and 0.84, respec-
tively. The difference between maximum and minimum
values is 0.06.

To clarify whether the Poisson’s ratio and angle of
internal friction influence the magnitude of «, the distri-
butions of the coefficient & were estimated by following
Calculations II and III in Table 1. The ranges of values
of the Poisson’s ratio and angle of internal friction are
based on observed data shown in Lama and Vutukuri

19
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Table 1: Conditions of compressive strength, angle of internal friction, Poisson’s ratio and Young’s modulus for various
calculations of the coefficient «. The ranges of values of these constants are based on observed data shown in Lama
and Vutukuri (1978), Turcotte and Schubert (1982) and Yamaji (2000), and cover almost all igneous rocks.

Calculation I

Calculation II

Calculation III

Calculation IV

Poisson’s ratio (v)

0.25

0.05—0.45

0.25

0.05—0.45

Angle of internal friction (¢) 30°

30°

5 — 45

5" — 45"

Compressive strength (c¢,)

5 MPa — 500 MPa

5 MPa — 500 MPa

5 MPa — 500 MPa

5 MPa — 500 MPa

10 GPa — 100 GPa

10 GPa — 100 GPa

10 GPa — 100 GPa

10 GPa — 100 GPa

Young’s modulus (E)

0.7 70.82,

51/1110.847

807081

II/

Young's modulus (GPa)

Toen O oS 083
v:820 83 (7/ L33
02/ /A7)

I l

0 50 100 150 200 250 300 350 400 450 500
Compressive strength (MPa)

Fig.4 Distribution of the coefficient @, which determines the radius of the initial caldera. The
compressive strength and Young’s modulus are varied from 5 to 500 MPa and from 10 to 100 GPa
respectively. In this calculation, the angle of internal friction and Poisson’s ratio are constants
of 30° and 0.25, respectively. (c.f., Calculation I in Table 1)
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Fig.5 Histogram of « values shown in Figure 4.

(1978) and Turcotte and Schubert (1982) and cover
almost all igneous rocks.

The results are shown in Figs. 6 and 7 and Tables 2
and 3. The difference between maximum and minimum
values by change of Poisson’s ratio is 1.11 (Table 2).
And the same difference by change of the angle of
internal friction is 0.39 (Table 3). These results indicate
that changes in the Poisson’s ratio and angle of internal
friction have a greater effect on « than the effect of
changes in the compressive strength and Young’s
modulus on a.

Fig. 8 shows the distribution of « derived from
Calculation IV in Tablel. In this calculation, we
evaluated effects that combination of the Poisson’s ratio
and angle of internal friction gives magnitude of «. The
compressive strength and Young’s modulus were chan-

1.8
1.6
1.4
1.2
1.0
0.8
0.6
R

3

ged in all combinations of the mentioned two elastic
constants (Table 1). The magnitudes of « shown in this
figure are averages of the values given by calculations in
each combination of Poisson’s ratio—angle of internal
friction. In case of the combination of ¢ =30 and v=0.25,
a in Fig. 8 is 0.82 and is the same as the average value
given in Calculation I. The « distribute between (.53
and 1.72.

From Figs. 6, 7 and 8, we can find that the magni
tude of « is especially sensitive to changes in the
Poisson’s ratio.

0 0.1 0.2

! ' i

0.3 0.4 0.5

Poisson's ratio

Fig.6 Changes in « with varying Poisson’s ratio. The detailed values are given in Table 2. The calcula-
tions are as described by Calculation II in Table 1.

956 &% 25 (2008)
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0 | lb 20 30 40 50
Angle of internal friction (deg.)

Fig.7 Variations in « with changes in the angle of internal friction. The detailed values are given in
Table 3. The calculations are as described by Calculation III in Table 1. The effect on « of changes
in the angle of internal friction is greater than the effect on « of changes in compressive strength
and Young’s modulus.

Table 2: Table of & by change of Poisson’s ratio. The difference between maximum and
minimum values is 1.11. And the same difference on averaged values of « is
1.03. Change of Poisson’s ratio influences magnitude of « and radius and
geometry of the caldera.

Poisson’s ratio (v) minimum average maximum
0.05 0.57 0.62 0.64
0.10 0.60 0.65 0.68
0.15 0.64 0.70 0.72
0.20 0.70 0.75 0.77
0.25 0.78 0.82 0.84
0.30 0.90 0.93 0.95
0.35 1.03 1.08 1.10
0.40 1.26 1.30 1.32
0.45 1.61 1.65 1.68

Table 3: Table of @ by change of angle of internal friction. The difference between
maximum and minimum values is 0.39. And the same difference on averaged
values of « is 0.34. Change of angle of internal friction as well as Poisson’s
ratio influences magnitude of « and radius and geometry of the caldera.

Angle of internal friction (¢: deg.) minimum average maximum

5 0.56 0.58 0.60
10 0.61 0.64 0.65
15 0.65 0.69 0.71
20 0.69 0.74 0.75
25 0.74 0.78 0.80
30 0.78 0.82 0.84
35 0.82 0.86 0.88
40 0.83 0.89 0.91
45 0.86 0.92 0.95
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Fig.8 Distribution of the coefficient « given by calculation IV in Table 1. All of the elastic constants are
independently changed and all their combinations are considered. Here, « are averages of

calculated values.

6. Control factor on caldera geometry and
type

Fig. 9 shows the relationship between the depth of
the magma chamber and the angle between the initial
caldera boundary at the surface and a perpendicular line
drawn from the edge of the chamber to the surface (6;
Fig. 1). In the calculation, we employed £ =40 GPa, v=
0.25, =30° and ¢,=160 MPa. Because the caldera
geometry can be estimated from magnitude of 4 as
shown in Fig. 1, the 6 is the parameter that indicates the
radius, geometry and type of the caldera.

A negative angle (§<0) indicates that the radius of
the initial caldera is smaller than the radius of the
magma chamber. This would produce a piston caldera

956 &% 25 (2008)

with outward-dipping or vertical ring faults (e.g,
Yoshida, 1984; Rymer et al., 1998; Roche ef «l., 2000). By
Roche et al. (2000), it is shown that the reverse fault
with dip angle of 50° - 80° is formed before the formation
of the normal fault, in roof aspect ratio of 0.2. This
aspect ratio of 0.2 is equivalent to d/a=1.4 in this
study. In this case, the formation of the reverse fault
with the dip angle 80° (8= —10 in Fig. 9) is expected and
this is consistent with the analogue experiments (Roche
et al., 2000).

In contrast, a result of # > 0 indicates that the
radius of the initial caldera is larger than the radius of
the chamber. This would produce a funnel caldera or
piston caldera with inward-dipping ring fault (e.g.,
Lipman, 1984; Kamata, 1989; Roche et al., 2000). Despite
potential differences in the medium and model assumed
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Relationship between depth of the magma chamber and the angle 4. The sign and magnitude of

6 indicate caldera type: §<0 indicates the formation of a piston caldera with outward-dipping or
vertical ring faults, while >0 indicates the formation of a piston or funnel caldera with inward

-dipping ring faults.

in this study, our results (Fig.9) are consistent with the
findings of Roche ef «l. (2000) and Lipman (1997).
Namely, funnel and piston calderas have the same
collapse mechanism and physical processes, and the
geometry of the caldera is controlled by the depth of the
magma chamber.

The value of the parameter 6 is dependent on the
depth of the magma chamber, as shown in Fig.9. In
is determined

contrast, 6 is the parameter that

geometrically, as shown in Fig. 1, and is described as

follows:

_1800 _1<7’C_CZ>

0= P (3)
Considering equation (2), the following equation is
derived.
24

0= 18780 tan™ <a—%> (4)

Equation (4) has a negative value at a<a/d and a
positive value at a>a/d and indicate that the caldera
geometry can be determined by combination of «, ¢ and
d. As shown in previous section, the coefficient « is
dependent on Poisson’s ratio strongly. Hence, we can
suggest that the caldera geometry including type of
caldera is controlled by the radius and depth of the
magma chamber and the Poisson’s ratio of the crust.
In our simulations, we employed a point source
model embedded in a homogeneous elastic medium, and
formation of the caldera was examined by evaluating
the surface stress field due to contraction of the point
source. Thus, our solutions do not have enough accuracy
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to discuss detailed caldera formation by applying the
results to field data. However, our findings concerning
the volume change required for caldera formation and
our conclusion that Poisson’s ratio of the medium and
the depth and radius of the magma chamber will play an
important role in determining caldera geometry provide
useful first-order information for future practical simu-
lations. For example, the depth of the magma chamber
will be estimated by applying the caldera radius obser-
ved in the field to the equation (2) and the volume
required for caldera formation can be evaluated by
applying the depth to the equation (1).

7. Conclusions

In order to estimate the factors controlling the
initial caldera geometry, we used numerical simulations
based on the point source model assumed in the homoge-
neous elastic medium. In this study, we approximated
the collapse of the magma chamber by the contraction
of the source and calculated the surface distribution of
the ring fault using the Coulomb failure criterion under
the assumption of an elastic-perfectly plastic material.

As a result, it was shown that the funnel and piston
calderas can be formed by the same collapse mechanism
and physical processes, and the geometry of the caldera
is controlled by the depth and radius of the magma
chamber and the proportionality coefficient in the linear
relationship between the caldera radius and magma
chamber depth. This proportionality coefficient is
strongly dependent on the Poison’s ratio basically. In the
case of shallow magma chamber, the dip angle of ring
fault given by our result was consistent with the ana-
logue experiments.

In addition, it was found that the volume change
required for the initiation of caldera formation is de-
scribed by a third-power polynomial expression of the
depth of the magma chamber. Although the physical
meaning of each coefficient is unknown at present, it
was shown that the third degree of the polynomial is the
most important term. Because the depth of the magma
chamber can be estimated by the caldera radius, we
expect that this result can evaluate the volume required
for caldera formation.
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